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Abstract 



Due to the singularities arising in quantum field theory and the difficulties in 
quantizing gravity it is often believed that the description of spacetime by a 
smooth manifold should be given up at small length scales or high energies. 
In this work we will replace spacetime by noncommutative structures arising 
within the framework of deformation quantization. The ordinary product 
between functions will be replaced by a ^-product, an associative product for 
the space of functions on a manifold. 

We develop a formalism to realize algebras defined by relations on fimc- 
tion spaces. For this porpose we construct the Weyl-ordered ^ir-product and 
present a method how to calculate ^-products with the help of commuting 
vector fields. 

Concepts developed in noncommutative difi'erential geometry will be ap- 
plied to this type of algebras and we construct actions for noncommutative 
field theories. In the classical limit these noncommutative theories become 
field theories on manifolds with nonvanishing curvature. It becomes clear 
that the application of ^-products is very fruitful to the solution of noncom- 
mutative problems. In the semiclassical limit every T*r-product is related to 
a Poisson structure, every derivation of the algebra to a vector field on the 
manifold. Since in this limit many problems are reduced to a couple of differ- 
ential equations the ^-product representation makes it possible to construct 
noncommutative spaces corresponding to interesting Riemannian manifolds. 

Derivations of T*r-products makes it further possible to extend noncommu- 
tative gauge theory in the Seiberg-Witten formalism with covariant deriva- 
tives. The resulting noncommutative gauge fields may be interpreted as one 
forms of a generalization of the exterior algebra of a manifold. For the For- 
mality T*r-product we prove the existence of the abelian Seiberg-Witten map 
for derivations of these ^-products. We calculate the enveloping algebra val- 
ued non abelian Seiberg-Witten map pertubatively up to second order for the 
Weyl-ordered ^-product. A general method to construct actions invariant un- 
der noncommutative gauge transformations is developed. In the commutative 
limit these theories are becoming gauge theories on curved backgrounds. 

We study observables of noncommutative gauge theories and extend the 
concept of so called open Wilson lines to general noncommutative gauge 
theories. With help of this construction we give a formula for the inverse 
abelian Seiberg-Witten map on noncommutative spaces with nondegenerate 
★-products. 
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Chapter 1 
Introduction 



All experiments in physics support the assumption that spacetime should 
be described by a differential manifold and all successful theories may be 
formulated as field theories on such manifolds. But in quantum field theories 
there are some intrinsic difficulties at high energy or short distances that 
can not be resolved. No hints are given by experiment where and how these 
difficulties should be solved. But there are other fomulations of successful 
theories like the algebraic approch to quantum mechanics that leave the 
setting of differential manifolds. 

In the early days of quantum field theory it was already suggested by 
Heisenberg that spacetime might be modified at very short distances by al- 
gebraic properties that could lead to uncertainty relations for the space coor- 
dinates. The first one to write an entire article about this subject was Snyder 
p. The idea behind spacetime noncommutativity is mainly inspired by quan- 
tum mechanics. Quantum phase space is defined by replacing canonical vari- 
ables by hermitian operators which obey the Heisenberg commutation 
relations [q^Pj] = ih6j. Now the space becomes smeared out and the notion 
of a point is replaced by a Planck cell. In the limit ^ — ^ one can recover 
the ordinary phase space. In its simplest form spacetime noncommutativity 
can be described in the same way by replacing the commutative coordinate 
functions by operators of a general algebra obeying the relations 

The righthand side of this equations should tend to zero in a certain limit 
and one recovers in this way the classical commuting space. Although this 
idea seemed quite promising the progress was very slow due to the success 
of renormalization theory on the one hand and the mathematical complexity 
of noncommutative structures on the other hand. It took a long time until 
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noncommutative geometry was mathematically defined and physical models 
were formulated El H El E] • 

Perhaps one reason for the slow progress is that postulating an uncertainty 
relation between position measurements will lead to a nonlocal theory, with 
all of the resulting difficulties. A secondary reason is that noncommutativ- 
ity of the spacetime coordinates generally confiicts with Lorentz invariance. 
Although it is not implausible that a theory defined using such coordinates 
could be effectively local on length scales longer than that of the uncertainty, 
it is harder to believe that the breaking of Lorentz invariance would be un- 
observable at these scales. 

One big hope associated with the application of noncommutative geome- 
try in physics is a better description of quantized gravity. Quantum gravity 
has an uncertainty principle which prevents one from measuring positions 
to better accuracies than the Planck length: the momentum and energy re- 
quired to make such a measurement will itself modify the geometry at these 
scales [Z|. At least it should be possible to construct effective actions where 
traces of this unknown theory remain. If one believes that quantum gravity 
is in a sense a quantum field theory, then its observables are operators on a 
Hilbert space and therefore elements of an algebra. Some properties of this 
algebra should be refiected in the noncommutative geometry the effective 
actions are constructed on. As in this case the noncommutativity should be 
induced by background gravitational fields, the classical limit of the effective 
actions should reduce to actions on curved spacetimes |H1E1- 

A related motivation is that quantum gravity might not be local in the 
conventional sense. Nonlocality brings with it deep conceptual and practi- 
cal problems which have not been well understood, and one might want to 
understand them in the simplest examples first, before proceeding to a more 
realistic theory of quantum gravity. Further there is an interesting similiar- 
ity in the gauge structure of general relativity and noncommutative gauge 
theory. In the later gauge transformations can be interpreted as a special 
subgroup of the group of diffeomorphisms. Again with the growing under- 
standing of noncommutative theories one perhaps improves the knowledge 
about diffeomorphism invariant theories like general relativity. 

There are other reasons for introducing noncommutativity into physics. 
One of the simplest is that it might improve the renormalizability properties 
of a theory at short distances or even render it finite. However it is known 
today that certain models develop new devergencies absent in commutative 
theories pifTT]. 

At the moment most of the applications of noncommutativity to physics 
are done with noncommutative field theory [T2l[T31. As one thinks of these 
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models as analogs to classical physics there are also attempts to quantize 
these theories [HI UHl EE]- A new approach is to treat noncommutative 
geometries as matrix models and take advantage of the noncommutativity 
to quantize them [T7| IT8] since they have finite dimensional representations. 
Noncommutative field theory is also known to appear naturally in condensed 
matter physics. One example is the theory of electrons in a magnetic field 
projected to the lowest Landau level, which is naturally thought of as a 
noncommutative field theory. Thus these ideas are relevant to the theory 
of the quantum Hall effect, and indeed, noncommutative geometry has been 
found very useful in this context fTO]. 

Symmtries have always played a very important role in physical models. 
But noncommutative spaces mostly are not compatible with the symmetry 
groups of their commutative counterparts. One way to circumvent these 
problems are quantum groups. One does not only deform the space but 
also the symmetry group acting on it. Beginning with the noncommutative 
plane a large number of deformed spaces with deformed symmetries have 
been constructed. Among others there are for example the g-deformed Lie 
algebra of rotations PU] and g-deformed Euclidean space [2Tj, the g-deformed 
Lorentz algebra [22j and g-deformed Minkowski space ^22], the g-deformed 
Poincare algebra j24j, K-deformed Poincare invariant space [2^1, to name only 
a few. 

Noncommutative geometry may be useful to describe effective field the- 
ories derived from the low energy limit of loop quantum gravity. Since here 
geometric objects are replaced by operators on a Hilbert space [21], it would 
not be very unexpected if noncommutative structures appeared in the contin- 
uum limit of this theory. However the relation between loop quantum gravity 
and noncommutative geometry has not been explored very well. Neverthe- 
less there are hints that an effective theory should be a noncomutative one. 
For example there exists a nonperturbative quantization of gravity with an 
isolated horizon as inner boundary within the formalism of loop quantum 
gravity. The quantum geometry of the horizon looks like a noncommutative 
torus [2Z|. 

String theory made its first contact with noncommutative geometry with 
a conjecture called M-theory. It was proposed that all known string theo- 
ries are the low energy limit of this theory. Further it was conjectured that 
this M-theory may be formulated in the framework of matrix quantum me- 
chanics leading to the name M(atrix)-theory ^2^. It was found in [JH! that 
noncommutative geometry arises very naturally in M(atrix)-theory. 

Noncommutative geometry entered string theory a second time with the 
descriptions of open strings in a background S-field [SOI Ell- The D-brane is 
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then a noncommutative space whose fluctuations are governed by a noncom- 
mutative version of Yang-Mills theory and noncommutativity is induced 
by a so called ^-product. On a curved brane the i?-field becomes position de- 
pendent In the case of a constant 5-fleld it has been shown quite soon 
that there is an equivalent description in terms of ordinary gauge theory. 
The two pictures are releated by a choice of regularization (Hi]. Therefore 
there must exist a held redeflnition mapping the one picture to the other, 
the Seiberg-Witten map |321- 

Most of the noncommutativity in this work will be formulated with the 
help of T*r-products, i. e. with associative products deflned on function spaces. 
Throughout this work we will formulate them with the help of differential 
operators 

and assume that they may be expanded in some parameter of noncommu- 
tativity. Tir-products first emerged from quantum mechanics. Due to Weyl's 
quantization procedure one was able to pull back noncommutativity to 
the classical phase space and the first ^-product was formulated (H^, an as- 
sociative product between functions on phase space. In this formulation the 
classical limit of quantum mechanics is very intuitive, the T*r-product depends 
on h and for this parameter tending to zero it becomes the ordinary product 
between functions. The Poisson bracket can be obtained by looking at the 
first order deviation in H. With this in mind deformation quantization [37j 
was formulated. One has to look for defomations of algebras of functions of 
Poisson manifolds and realize quantum mechanics on this manifolds in this 
way. A more abstract picture of T*r-products was developed being now an 
associative product on the space of functions on a manifold. 

The formulation of gauge theories in this work will be done with the men- 
tioned Seiberg-Witten map formalism emerging from string theory. After its 
discovery the Seiberg-Witten map has been extensivly studied and applied 
to noncommutative field theory. An interesting approch is set within the 
Kontsevich ^-product formalism [HHl- Here the Seiberg-Witten map is found 
to be a part of the Formality map (HHl SOI HH 1121 • particular these studies 
show that the Seiberg-Witten map is an integral feature of any noncom- 
mutative geometry obtained through deformation quantization of a Poisson 
manifold. Additionally the Seiberg-Witten map was extended to nonabelian 
gauge groups. The noncommutative gauge transformations are not longer 
Lie-algebra valued and have to be defined on the enveloping algebra [l^. 

On noncommutative which is characterized by constant parameters 
6'*-^ the Seiberg-Witten map can be constructed using various techniques. The 
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Seiberg-Witten equations lead to a consistency condition which may be solved 
order by order [H]. Further it can be solved with a cohomological approach 
within the BRST formalism | H5] . There exist few Seiberg-Witten maps on 
other noncommutative spaces. On the fuzzy sphere a Seiberg-Witten map 
was constructed up to second order for a ^-product that does not truncate 
the space of functions and for the finite dimensional representations Sj^ |46] . 
On K-Minkowski spacetime it has been calculated in |13 HH]. There are 
extensions of the constant case Seiberg-Witten map to supersymmetric gauge 
theories linUHDl- Another remarkable aspect of Seiberg-Witten gauge theory 
is that it is sensitive to the representation of the gauge group. Due to this 
grand unified theories do not have unique noncommutative analogs [51.5 . 

The first attempt to quantize noncommutative field theories in the 
product representation was done in |52| . This was done similar to the per- 
turbative way interacting commutative field theories are treated and Seiberg- 
Witten gauge theories are mostly quantized using this method. However it is 
not quite clear how the quantization of Seiberg-Witten gauge theory can be 
done in a consistent way since the solution of the Seiberg-Witten equations 
is not unique and other solutions are related by nonlocal field redefinitions 
[53] . Nevertheless this was used in to show that noncommutative abelian 
gauge theory on the in the ^-product representation is renormalizable. 
The same was done for U{n) gauge groups up to one loop level in [55j . 

After this general introduction we begin to deal with T*r-products and the 
representation of algebras by them. We begin with the definition and first 
properties like the semiclassical limit and the equivalence of ^-products with 
respect to linear transformations on function space. The semiclassical limit 
will be crucial to all applications throughout this work. In this limit the 
T*r-products are in one-to-one correspondence to Poisson structures up to the 
mentioned linear transformations on function space. After that we start with 
the representation of algebras defined by relations on function spaces and 
calculate the Weyl-ordered T*r-product up to second order. The Weyl-ordered 
★-product will be very important for us to give explict formulas in noncom- 
mutative gauge theory. In the end we give closed formulas for T*r-products for 
several algebras, mainly quantum spaces like M{sOg{3)), M{sOg{l,3)) and 
M(sOq(4)). For this we generalize the Moyal-Weyl product with the help 
of commuting vector fields and give a method how to calculate this type of 
★-representation for relation-defined algebras. It will become clear that a big 
amount of the information we have about the algebra is already contained in 
the Poisson structure of the ★-product. 

The purpose of chapter 3 is to relate noncommutative differential ge- 
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ometry and T*r-product algebras. After a short introduction to aspects of 
noncommutative differential geometry we need later, we apply the T*r-product 
formalism to the commuting frame formalism developed in j^. We will see 
that in the semiclassical limit, an algebra with nonconstant commutator and 
therefore nonconstant Poisson structure will in general yield a curved back- 
ground. With the application of the commuting frame formalism we are 
now able to construct noncomutative spaces with interesting classical limit. 
The general considerations yield a system of partial differential equations, 
which we can try to solve for certain interesting geometries. In two dimen- 
sions we are quite successful and we are able to construct algebras for all 
spaces of constant curvature. In four dimensions this is not the case, since 
the mentioned system of partial differential equations is getting more and 
more overdetermined in higher dimensions. At the end of the chapter we 
give another very interesting application for ^-products in noncommutative 
geometry. We calculate rotational invariant Poisson structures in four di- 
mensions and quantize them with the help of ^-products. On the resulting 
algebra we construct a first order differential calculus having a frame for the 
Schwarzschild metric as classical limit. 

We will see in chapter 3 that derivations are very useful for formulating 
noncommutative geometry on quantized Poisson manifolds. In chapter 4 
therefore we make general considerations about derivations of ★-products. We 
again come to the conclusion that the important informations are included in 
the semiclassical limit of the T*r-product. Vector fields in a sense compatible 
with the Poisson structure of the ★-product and derivations are in one-to-one 
correspondence. We apply our results to the Formality ★-product and the 
Weyl-ordered ★-product from the second chapter. An alternative definition 
of noncommutative forms will be later useful in combination with Seiberg- 
Witten gauge theory. To make contact with physical application we introduce 
traces on ★-products at the end of the chapter. With them we start to 
construct actions on noncommutative spaces having field theories on curved 
backgrounds as classical limit. As an example we give an noncommutative 
action being the deformation of 0'^-theory on a space of constant curvature. 

Chapter 5 is dedicated to the application of ★-products to noncommuta- 
tive gauge theory. We start with a introduction to noncommutative gauge 
theory and the special case of Seiberg-Witten gauge theory, a fomulation of 
noncommutative gauge theory only possible in the ★-product representation. 
Only in Seiberg-Witten gauge theory at the moment it is possible to for- 
mulate noncommutative analogs to general nonabelian gauge theories. Our 
main purpose in the following is the extension of the Seiberg-Witten map 
to derivations of ★-products. Then we give a closed formula for the abelian 
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Seiberg-Witten map for the Fomality ★-product. The Seiberg-Witten map 
for the Weyl-ordered ^^r-product is calculated up to second order. We relate 
the resulting objects to the noncommutative forms introduced in the chapter 
4. Now we are able to construct actions on noncommutative spaces invariant 
under noncommutative gauge transformations. The actions have as classi- 
cal limit a gauge theory on a curved background. We give an example of a 
noncommutative version of electrodynamics on a background with constant 
curvature. At the end we deal with observables of noncommutative gauge 
theories. Most useful in this context are the so called open Wilson lines in- 
troduced in the case of constant commutator. We will generalize them to 
general ★-product algebras. With these observables we are able to give a 
formula for the inverse abelian Seiberg-Witten map on symplectic manifolds. 
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Chapter 2 
^-products 



The first ^ir-product emerged from Weyl's quantization procedure As- 
sume that f{qi,Pj) is a function on a classical phase space and associate the 
following operator with it 

/ = = J d-idTvhi.v) e^«-^+^''). (2.1) 

Here f{C,,ri) is the Fourier transform of /, the operators qi and pj should 
fulfill the canonical commutation relations [qi,Pj] = ih5ij . In this case it is 
possible to give an inverse operation 

Here Tr is the trace on the Fock space representation of the operator algebra. 
Now one can pull back the product between two operators to a product 
between two functions on phase space 

fn,g = n-\Q{f)n{g)), 

which yields the Moyal product on classical phase space. If P^-^dj A dj 
{dj = {dq.,dp.) ) is the Poisson structure of the classical phase space, i. e. 
{fy9} = P^'^djfdjg and {qi,Pj} = Sij, it is possible to write down an explicit 
formula 

f^M9 = Yl ^P'''" ■ ■ ■ ^'"'"^^^ ■■■djjdj,--- dj^g (2.2) 

n=0 

for the Moyal product. A good introduction to this is jHEI and references 
therein. The generalization of the above construction is called deformation 
quantization [37| I56| . where one tries to quantize phase spaces by finding 
appropriate ^ir-products for functions on phase space. 
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2.1 Definition and first properties 

The Moyal product ()2.2p is a special case of a ^ir-product. To define more 
general ★-products let M be an arbitrary (sufficiently smooth) finite dimen- 
sional manifold. A ★-product on M is an associative, C-linear product on 
the space of functions (with values in C) on M given by 

where f an g are two such functions and the Bi are bidifferential operators 
on M. The parameter h is called deformation parameter. There is a natural 
gauge group acting on ★-products consisting of C-linear transformations on 
the space of functions 

f^f + hD,if) + h'D2if) + --- 

where the Di are differential operators. They may be interpreted as a gener- 
alization of coordinate transformations. If D is such a linear transformation 
it maps a ★-product to a new ★-product 

f^'g = D-\D{f)^D{g)). (2.3) 

If one expands this equation in h one sees that a linear transformation D 
acting on ★ only affects the symmetric part of Bi 

B[if,g) = B^if,g) + D^{fg) - fD,{g) - D,{f)g 

and one can show that the symmetric part of Bi may be canceled by a linear 
transformation. For this we may assume Bi to be antisymmetric. Since ★ is 
associative, the commutator 

[fl9] = f^9-9^f = hB,{f,g) + --- 

has to be a derivation 

[f^g-h] = f^[g^,h] + [f-h]^g. 

Up to first order this means that the antisymmetric part of Bi is a derivation 
with respect to both functions / and g. Additionally the Jakobi-identity is 
fulfilled for the commutator 



[/t[^7t/^]] + [/^t[/t^7]] + [^?t[/^t/]] = 0. 
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Up to second order this implies that Bi is a Poisson structure 

{/, {9,h}} + {h,{f,g}} + {g,{hJ}} = 

where {f,g} = Bi{f,g). Therefore after a certain linear transformation we 
can always write on a local patch of the manifold (here locally {/, g} = 

U^^djdjg) 

f^g = fg+'^W^d,fd,g + --- 

with 

H^^diW^ + Il^^dill'^ + W^dill^' = (2.4) 



We have seen that ^ir-products up to second order are classified by Poisson 
structures on the manifold. On the other hand, if there is a manifold with a 
given Poisson structure {, } on it, it is possible to construct T*r-products with 

f^9 = f9 + Yif^9} + ---. 

This was first done for symplectic manifolds (manifolds with invertible W^) 
in (nHIEHl- In [38j a general construction for arbitrary Poisson manifolds has 
been given (see also [Hni)- It makes use of the so called formality map that 
we will use later for constructing noncommutative gauge theories, too. 

2.2 Algebras and ★-products 

Suppose we are taking as the manifold and parametrize it by co- 
ordinates x\ Then 6^^ = const. = 1 ■ ■ ■ N) clearly fulfills the Poisson 
condition (|2.4|) . With a view to the original Moyal product (12. 2|] we can 
write down a ^-product for this Poisson structure 

°° (■ih)"- 

f^9 = Yl ^^"'^ ■ ■ ■ ■ ■ ■ ^^J^n ■ ■ ■ (2.5) 

n=0 

where / and g are functions on M^. We will again call it Moyal- Weyl ^ir- 
product. A proof that it is really associative will be given in ()2.3.ip . Since 

the space of functions on together with the T*r-product forms a realization 
of the algebra 

A = C<x\---,x^ > /{[x\x^]-ihe'^). 
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In opposite to the representation on a Hilbert space we will call it a T*r-product 
representation. Now the question arises if we can do the same with other 
relation-defined algebras. We will see that this is possible if we invent an or- 
dering description. Other possibilities for relations are Lie algebra structures 
with 

and quantum space structures [^01 HH EH HI] with 

x'x^ = qR'hiX^x\ q = e^, R'^i G C 

Instead of considerering these special relations we will in the following 
discuss a more general case. We assume that the algebra A is generated by 
elements and relations 

[x\ x-'] = c^^{x) = ihc\x) 

where we assume that the right hand side of this formula is containing a 
parameter h, and is becoming in a sense small if this parameter approches 
zero. Mathematically more correct we have to use a /i-adic expanded algebra 

A = C<x\---,x^ > [[h]]/{[x\ x^] - ihc\x)) (2.6) 

where it is possible to work with formal power series in h. Note that this kind 
of algebras all have the Poincare-Birkhoff-Witt property since a reordering 
of two never affects the polynomials of same order in h. An algebra with 
Poicare-Birkhoff-Witt property possesses a basis of lexicographically ordered 
monomials. For an algebra generated by two elements x and y this means 
that the monomials x^y'^ constitute a basis. For example the algebra defined 
by the relations [x, y] = xP' + y"^ does not have this property. An example 
of an algebra that is not included in the above three cases but fulfilling the 
property ()2.6j) is given later in ()3.3.2|1 . 



2.2.1 Algebra generator orderings 

Note that Weyl's quantization procedure ()2.1|) does not make reference to 
any algebra relation. So let us calculate what Weyl is doing on an algebraic 
level with this formula. For this let 



f{p) = J d^xf{x)e'P^^ 
be the Fourier transform of /. Formally we get for a monomial in M.^ 

d-xx'---x^e^^-' = {-^^,J...i-^^,J6ip). 
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The Weyl operator associated to a function / is defined by 
(see e. g. For a monomial we get 

and therefore the Weyl operator really maps monomials to the corresponding 
symmetrical ordered polynomial in the algebra, e. g. for three generators 

W{x'x^x^) = ^{x'-x^x'' + x'x^x^ + x^x'x^ + x^x'x^ + x^x^x" + x^x^x"). 
A similar calculation may be done for normal ordering with the result that 

In the end we see that for calculating a T*r-product like Weyl we need a ordering 
description fl that maps monomials in the coordinates x^ to polynomials in 
the algebra generators x\ Then the ^-product is defined by 



n{f^ng) = n{f)n{g) (2.8) 

for two functions / and g. If we have used another ordering description fl', 
the resulting i*r-product is gauge equivalent to this ^ir-product by the linear 
transformation 

D = Q-^Q' 



since 

f^n'9 = D-\D{f)^nD{g)). 

The choice of different ordering descriptions is equivalent to taking a different 
gauge of ^-product. 

For calculating the ^-product in the constant and Lie algebra case with the 
Weyl-ordering operator see e. g. There a normal ordered ^-product is 

calculated for the Manin plane, too. For the infiuence of ordering descriptions 
in the constant case see e. g. [64J. Many examples of ^-products for algebras 
and corresponding ordering descriptions are given in |65| . 
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2.2.2 Weyl-ordered ^-products 

In this section we will calculate a ^-product generated by symmetric order- 
ing (|2.7|l of the generators of the algebra ()2.6p . the Weyl-ordered ^-product 
f66]. The algebra of functions equipped with the Weyl-ordered T*r-product is 
isomorphic by construction to the noncommutative algebra it is based on. 

With look to (|2.8jl we start with 
where we have used 

We are therefore able to write down the ^-product of the two functions if 
we know the form of the last expression. For this we expand it in terms of 
commutators. We use 

with 

R{A,B) = 1 + ^[A,B] 

- i [i + 25, [i, 5]] + i [A, B] [A, B] + 0{3). 

If we set A = —ikix'^ and B = —ipix'' the above mentioned expression be- 
comes 

-lH)ikm + 2p„,)i-th)i-ip,)W-\e-'^''^+P^^^' [x\x^]]) 

+ ^i-tkJi-tpr,)i-th)i-tp,)W~\e''^''^+P^^''[x^ 
+0{3). 

If we assume that the commutators of the generators are written in Weyl 
ordered form 

c'^ = W{d^), 

we see that 

[x"", [x\x^]] = W{d^^did^) + 0(3), 
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[Sr, x''][x\ x^] = Wid^^'d') + 0(3). 
Further we can derive 



Putting all this together yields 



+ ^C^'did^{-i){krr,-Pm){-lki){-iPi)j 

+ 0(3), 

and we can write down the Weyl ordered T*r-product up to second order for 
an arbitrary algebra 



= fg+ T^c'^difdjQ 



1 

2' 

+ lc"^''d'dmdadnd,g (2.9) 



Let us collect some properties of the just calculated ^-product. First 

is the Weyl ordered commutator of the algebra. Further, if there is a conju- 
gation on the algebra and if we assume that the noncommutative coordinates 
are real x^ — x\ then the W^yl ordered monomials are real, too. This is also 
true for the monomials of the commutative coordinate functions. Therefore 
this ★-product respects the ordinary complex conjugation 

f-kg^g-),J. 



On the level of the Poisson tensor this means 
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It is very instructive to calculate the action of a linear transformation 

= i + (n". + ia"a„a'")a„. + + ln"n")a„a„ 

+ ■■■ 

+ ■■■ 

on the Weyl ordered ^ir-product. We find 

n-\n{f)^n{g)) = f^g 

-2Q'^dJd,g 
+ •••• 

The first deviation is the Lie derivative of the vector field Q^'di for . Later 
we will compare the Weyl ordered T*r-product to another one and give in this 
case an explicit formula for the transformation Q. 

2.2.3 Example: M(sOa(n)) 

Here we will start the example of a quantum space introduced in j2n|. Al- 
though this quantum space is covariant under the quantum group SOa{n), 
we will never use this property. We have taken it because of its simple re- 
lations. Further it has a nontrivial center and there exist outer derivations 
that will below serve as a useful example. 

Since we are using the n-dimensional generalisation introduced in |4Hl 
ITT] we will simply call it SOaiji) covariant quantum space or abreviated 
M{sOa{n)). The relations of this quantum space are 

= iax" for i ^ 0, 

with a a real number. The simply commute with each other. In the 
following of the example Greek indices will run from to n — 1, whereas 
Latin indices will run from 1 to — 1. It is easy to see that the Poisson 
tensor corresponding to the algebra is 
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Since we are dealing here with the case of a Lie algebra we surely have 
Ty(c'^^) = [x^, x'^]. In this case the Weyl ordered ^-product takes the following 
form (compare jifij) 

f-*^9 = f9 + ^ {dof x'diQ - x'dif dog) 

{d'ofx'xW.djg - 2dox'd,f dox'd.g + x'x^ d.d^f dlg){2.10) 

a? 

- (^0/ x'dig - dofdo x'dig - dox'dif dog + x'dif dig) 

We will continue the example when we have derivations of the ^-product 
algebra. 

2.3 ★-products with commuting vector fields 

The ^-products of the last section are only given up to second order and 
we have not been able to derive closed formulas. Here we present a closed 
formula for T<r-products that generalise the Moyal-Weyl-T*r-product ()2.5|) in a 
simple way. |67| We only have to replace the partial derivatives in the formula 
by commuting vector fields, since they have the same algebraic properties. 
We will prove the associativity of this ^-product and make considerations of 
how to get desired algebra relations. After that we calculate ^-products for 
some examples like the so(3) Lie algebra and several quantum spaces. 

2.3.1 Definition and proof of associativity 

Let X be a vector field. Then it is easy to show that 

To write the last formula in a more compact way we introduce the following 
notation 

= (X2 + X3)/2^3 1 2^1,3^1 • 

With this we can derive a kind of Leibniz rule 

X[hg, = (X2 + X3)72^73|2^i,3^i 
P{Xi)fm = P(X2 + X3)/2^?3l2Jl3^1 
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where P is a polynomial in X. The last equation can also be written in the 
form 

P{X^) (/l^7l|2^i,3^i) = P{X, + X3)/2^73l2^1,3^1 • (2-11) 

Let now be Xa = X^di n commuting vector fields, i. e. [Xa,X{,] = 0. 
Note that then locally always a coordinate system may be found with 

= dya. Globally this does not have to be the case. Further let a"^ be a 
constant matrix. Then we define a ★-product via 



This ★ product is associative since 



2=3=1 



(2.12) 



4^3,5^3 



2^1,3^1 



4-+3,5->3,2^1,3-*l 
2^1,3^1 



and 



^a''»XalXb2 I ^o'^'^X^zX. 



3^1,4^1 



2^1 



^o''*'{XaZ+Xai)Xt,2 (f'"'Xa3 X^ J^g^ 



3^1,4^1,2^1 
2-^1,3^1 



where in the second step we used the relation p. 111) . The two expressions 
are equal since the vector fields commute. 

For future use we calculate the ^-commutator 



[fig] 



2->l 



2sinhK^X,iXfc2)/i^?2|2^i. 



The last line is only valid for an antisymmetric matrix a. 

For the case of two vector fields, which we call Xi = X and X2 = F, we 
write down the explicit formula for cr^^ = h, cr^^ = 



(2.13) 



n=0 
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the asymmetric T*r-product and for = |, cr^^ = ~| 



f^9 = J2^_ ^ (X-^rV) (X^r-^^) (2.14) 

n=0 '4=0 ^ ^ 



which yields the antisymmetric T*r-product. Both ^tr-products have the same 
Poisson tensor 11 = X A y. 



2.3.2 Linear transformations 

If we have a ^ir-product, we have seen that we simply can produce a new 
product by a linear transformation on the space of functions ()2.3p . Suppose 
that D is such an invertible operator and that its expansion in derivatives 
starts with 1. Additionally we now assume, that D is of the form 

where r is a polynomial of the vector fields Xa. Then for the ^-product p.l2p 
we see that 

f^'g = D-\D{f)^D{g)) 

V 2^1,3^1 

/25'3 



,-T(Xa2+Xa3)+<7"^''Xa2Xb3+T{Xa2)+T(Xa3) 



2-^1,3^1 



For r only quadratic in the Xa (note that is symmetric) 

r = T^Xa + -rfXaXb 



we have 

r(X,i) + r(X„2) - r(X,i + X^^) = -r^'X^A 
and the new :*r-product becomes 

,{a^''~T^'')XalXt2 



2^1 



So we see that the antisymmetric ^-product (I2■14^1 and the asymmetric ^- 
product ()2.13|1 are related by a linear transformation in function space. 

As already mentioned locally commuting vector fields can be represented 
by a coordinate transformation. It is very important that this need not to be 
the case globally. This is the reason that the algebras resulting from the 
product are not isomorphic to the constant case algebra. We will see explicit 
examples for this later. 
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2.3.3 Differences to other ★-products 

The Poisson tensor of the above defined ★-product ()2.12jl is = a°''^XlX^ 
with 0""^ antisymmetric. This we can plug into the formula of the Weyl 
ordered ★-product ()2.9p and make a linear transformation. We can compare 
the result to the ★-product ()2.12ll . After some calculations we get 

with 

+ ^a^'a^''{X:XiX^d^X', + X^^XlX^d^Xi + XiX^,X-dr.X^,)d.d,d, 

Therefore this two ★-products are equivalent at least up to second order. 

Later we will define the Kontsevich ★-product. This ★-product can be 
constructed on every Poisson manifolds and proves that one is able to find 
a ★-product for every Poisson structure. We were not able to show, that 
there is a equivalence between the Kontsevich ★-product and the ★-product 
constructed by commuting vector fields. There may be obstructions since the 
equivalence is dependent of the Poisson cohomology of the Poisson manifold. 

2.3.4 Some examples in two dimensions 

We calculate some examples in two dimensions with the asymmetric ★-product 

X = axdx , Y = dy 
We get 

[x*y] = ax, 

the algebra of two dimensional a-euclidian space. The algebra relations follow 
from 

X -k X = x"^, 

X -ky = xy + ax, 
y -k X = xy, 
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X — {a-\- hx)dx ,Y — {c-\- dy)dy 
This is the general linear case. We get 

which follows from 

2 

X ^ X — X ^ 

= e"'{y + ^){x + ^), 
y-kx = xy, 

y^y = y^- 



X 



-yf={xdx + ydy) ,Y = xdy- yd^ 

+2/ 



These are the derivatives dr and do of the coordinate transformation x 
rcosO, y — rsinO. We get 



which follows from 



[x t y] = a^/xicx + yi^y, 



2 _ xy_ 

r 
x2 

xi<y = xy + a — , 
r 

y" 

y~kx — xy — a — , 
r 

2 ^y 

y-ky = y +a . 

r 



X = a{xdx + ydy) , Y ^ xdy - yd^ 
This is a simplification of the previous case. We get 

[x * y] = (tan a){x -k x + y -k y), 

which follows from 

x*x — cos a x^ — sin a xy , 
x-ky — cosaxy + sinay^, 
y-kx — cosaxy — smay"^, 
y-ky — cosay^ + sinaxy, 
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x-kx + y-ky = cosa (x^ + y^), 
x-ky — y-kx = sin a (x^ + ?/^). 

It is interesting that this algebra does not have the Poincare-Birkhoff-Witt 
property for tana = 1. 

We have seen that even in this simple cases very rich structures surface. 
But it is not quite clear what happens if we try to replace the formal param- 
eter in the ^ir-product expansion by a number. In the last case we see, that 
in this case higher order relations can arise. 

2.3.5 Realization of algebras 

If we want to represent an algebra with the help of a ★-product, we have 
seen that this is possible if we use an ordering description. In this section we 
propose an other method of how to calculate a ★-product with the property, 
that it reproduces the algebra relations of some desired algebra. With this 
second approach no ordering description is needed. It is even not quite clear 
in the end, if there would be an ordering description that would yield the 
same ★-product with the first approach. 

We know that the ★-commutator of a ★-product is a Poisson tensor up to 
first order 

[fl9] = h{f, g} + 0{h') = hUif, g) + 0{h''). 

where 11 is the Possion-bivector of the Poisson structure. If we would have 
a ★-product that reproduces the algebra relations, the right hand side of the 
previous equation would be a polynomial in the generators of the algebra, i. 
e. 

[x'*x^] = hdi{x). 

The ★ in the index of indicates that all products between the coordinate 
functions in it are ★-products. To calculate the leading order of c*^ (x) it is not 
necessary to know the explicit form of the ★-product, since it always starts 
with the ordinary product of functions. We can conclude that 

{x\x^} = m = d^{x), (2.15) 

For the special case for the ★-products ()2.12p it is 

If we are able to write a general Poisson bivector in this form, we can try 
to reconstruct the algebra relations with the help of the ★-products ()2.12p . 
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For this let / be a function and Xf = {/, ■} the Hamiltonian vector field 
associated to /. Then the commutator of vector fields is 



due to the Jakobi identity of the Poisson bracket. If we can find functions 
with 



this implies that all commutators between the associated Hamiltonian vector 
fields vanish. Now one can deduce from the splitting theorem for Poisson 
manifolds that this is possible in a neighborhood of a point if the rank of 
the Poisson tensor is constant around this point. Since we do not want to find 
a ^-product on M^, but a T*r-product with certain commutation relations, we 
can reduce by the set of points where the rank of the Poisson tensor jumps 
and we have a good chance to find functions with the desired properties on 
the new manifold. In this case we can write the Poisson tensor as 



In the following we will find functions /j anf gi for Poisson tensors of several 
algebras and will use the corresponding Hamiltonian vector fields in the 
products (j2.12|) . We will calculate the resulting algebra relations from the 
T*r-product and compare them to the original algebra relations. 

2.3.6 The quantum space M{sOa{n)) 

We will start our examples by giving a closed formula for a second ^ir-product 
for the quantum space introduced in (j2.2.3jl . It is closely related to the ^ir- 
product for the two dimensional a-euclidean space given above. As manifold 
we take with coordinates x° and with i = 1, . . . , N — 1 and use the 
asymmetric ^-product ()2.13|) with the two vectorfields 



{fi, 9j} = Sij, {fi, fj} = 0, {gi, gj} = 0, 



r = a 





X -k X 



,0 
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To show the usefulness of the approach proposed in the last section we 
now make a generalization of the above defined algebra. The new relations 
are 

where a"" are now n deformation parameters. For this relations to be con- 
sistent the Jacobi identities have to be fulfilled, which easily can be proofed. 
In this case the commuting vector fields can not so easy guessed like in the 
special case. 

Since the right hand side of the relation is linear and we are therefore 
dealing with a Lie algebra the Poisson tensor associated with the algebra is 
simple 

{x",x^} = a°x^-a^a;". 

If we want to find commuting vector fields that reproduce this Poisson tensor 
we now follow the way outlined in the previous section. The rank of this 
matrix is 2. Therefore we have to find two functions fulfilling {/,(?} = 1. We 
make a guess and define 

J = ax X = X T^—X''^ 

with = a°'a°'. These functions have commutation relations very similar to 
the special case of M{sOa{n)). 

If we define g = ^In Va;"5;° we see that 

{/,^?} = 1 (2.16) 

and the desired functions are found. The commuting vector fields are now 
easy calculated 

X = {/, ■} = aV9^ - {a''x'^)a'^dp 
Y = {;g} = -^a^dp 

In this case we are lucky since no singularities have shown up and the -k- 
product can be defined on whole M". Again we may use the asymmetric 
T*r-product ()2.13p and see that the algebra relations are reproduced. 
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2.3.7 g-deformed Heisenberg algebra 

If we take the g-deformed Heisenberg algebra [^01 in two dimensions 

xy = qyx + 9 



we very easily can calculate a ^-product in h = Inq and 9. The Poisson 
tensor 11 is 

9_ 

h' 



n = (xy + -)d^ A dy. 



We see that with / = \n{xy + |) and g = \ny 

{f,g} = i. 

The Hamiltonian vector fields are 

Q 

X = Xf = ydy - xd^, Y = Xg = -{x + J^)^^- 

To calculate the ^ir-products we note 

X-{x) = {-irx, X-{y)=y, 

y"(x) = + for n>0, = 

hy 

For the asymmetric T*r-product (j2.13|) this yields 

x-ky = xy, 

y-kx = e'^'xy + {e^^ - 1)^. 

For the antisymmetric ^-product p.l4p we get 

— / +— -I \ ^ 
x-ky = e'^ xy + [e — 1) — , 

h 

_h _h 9 

y-kx = e '2xy + {e 2 — 1) — . 

h 

Both T*r-products have therefore the algebra relation 

X * y = e^y * X + {e'' - 1)- 
and by a redefinition of 9 the original alegebra relations are reproduced. 
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2.3.8 The Lie algebra so(3) 

First try 

The algebra relations of the eveloping algebra of so(3) are = ie^^'^x^. 

The corresponding poisson tensor is 

n = ixdy f\dz + iydz f\dx + izdx A dy. 

For f — —i arctan ^ we have {z, f} — 1. The Hamiltonian vector fields are 

Y^X^ = i{ydx-xdy). 
We calculate (p — ^/ x'^ + y"^) 

X{x) = -X—, Y{y) = -y—, 

2 2 

X^{x) = x(l + z), X-{y) = y(l + 

p^ 

1 z z 

/2 = ^, /n+1 = ~^fn + ^z/n ^/>/n, 
p^ p^ p 

fi^—7{l-\ 5"). 

p* p* p^ 

If we transform to the x"*", ^"coordinate system we are now able to calculate 
the commutator of x'^and x~and get 

In this case the original algebra relations are not reproduced. 



Second try 

After a linear basis transformation we now can start with the algebra relations 
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With / = lna;~we have {f,z} = 1. The Hamiltonian vector fields become 
now 



X = Xf = d,- —d+, Y = X, = x+d+ - x'd^ 
x~ 

Therefore 



x~ x~ 
and with the asymmetric T*r-product p.l3|) we get 

ZicX^ = ZX~^ + hx^, X~^ -k Z = X~^Z, 
Z-k X~ = ZX~ — hx~ , X~ Z = X~ Z, 



5 

X' -k X = X~^X~ + hz , X~ -k X~^ = X~^X~ 

2 ' 



and therefore 

_ _ _ h"^ 

[z * x^] = hx^, [z * X ] = —hx , [x~^ * X ] = hz . 

2 

With 5 = z — I now the correct algebra relations are reproduced. 
2.3.9 The quantum space M{sOq{3)) 

Here we give as a second example the ^-product for the quantum space 
M(sOq(3)) invariant under the quantum group S0g{3). [21] The algebra re- 
lations in the basis adjusted to the quantum group terminology are 

zx^ = q^x^z, zx^ = q^'^x'z, [x^ , x^] = {q — q^^)z^ . 

For the commutators we get 

= (g^ — Vfx'^z, [z^x~] = (g^ — l)x'z, [x~,x^] = {q 



28 



2. ★-products 



and therefore the Poisson brackets are 

{z, x~^} = 2zx~^ , {z, x~} = —2zx^ , {x^ ,x^} = 2z'^. 

For / = lna;~and g = |lnz we have {f,g} = 1 and the Hamiltonian vector 
fields become 

2z^ 

Xf = 2zdz H 9+, X„ = x~^d+ — x 

x~ 

For the T*r-product we try now 

CKz'^ 

X = zdz H 9+, Y = x'^dj^ — x~d^. 

x~ 

We have 







[z) = z, 


X"(x+) = a2'^-^— for n > 0. 

X 






For the asymmetric ★-product p.l3|) we calculate 






Z -k X^ = 


-- e'^x^z, 




Z-k X^ = 


-- e~^x~z, 


x+ ★ X" = x^x' + ^(e~^^ - l)z^, 


X~ -k 


= x~^x~ , 


Z-k Z = 7? 






and get algebra relations 






Z -k X'^ = ^X'^ -k Z^ Z -k X^ = e^'^X^ -k Z, [x^ 


W] = 




If we set 







1)Z k Z. 



2g2 

g = 62, a = 

this reproduces the algebra relations. 
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For the antisymmetric T*r-product (j2■14^1 we calculate 



+ -- + + - + 

X -k z = e z, z-kx =e'2x z, 

_ h _ _ _h _ 

X •kz = e2x z, z-kx =e ^x z, 

x+ 7^ = x^x" + ^(e"'' - x~ ^x'^ = x+x" + ^(e'* - l)z'^, 

Z-k Z = Z^ . 



The algebra relations now are 



a 



Z-kX =eX -kZ, X Z -k X = 6 X -k Z, [X , X \ = — — {6 — 6 )Z-k Z. 

Here we can reproduce the algebra relations when we set 

h 2 
g = e2, a = 

2.3.10 The quantum space M(sOg(l,3)) 

We try to generalize the previous example and start with the more general 
commuting vector fields 

X = zd, + —iaz^ + I3z)d+, Y = x+d+- x-d_. 
x~ 

The only relation, that is changed is 

X'^(x+) = —{2'^-^az^ + Pz) 

X 

and we calculate with the antisymmetric ^ir-product p.l4|l 

+ -- + + - + 

X -k z = e '^x z, z-kx =e^x z, 

— h. — — —h. — 

X •kz = e'^x z, z -k X =e '^x 

Z-k Z = Z^ , 

x+icx~ = x+x" + ^(e~^ - l)z'^ + l3{e~^ - l)z, 

x~ 7^ x+ = x+x~ + ^{e'' - l)z'^ + i3{e^ - l)z. 
The relations become 
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[x^ * X ] = --jip^ - e 2; + -/3(e2 - e 2)2;. 
The algebra relation of M(sOq(l, 3)) are [2111231 

= 0, 

= (g - -t^), 

zx"*" = (^x^z + (1 — q'^)ix~^, 
zx~ = q~'^x~z + (1 — q^^)ix~ . 
We can define z = z — i and get new relations 

[i,x'] = o, 

[x ,x~^] = {q - -){z +tz), 

zx = q X z, 
zx~ = q~'^x~ z. 
These relations are reproduced by the T*r-product if we set 

q = e^ a = --K, /3 = -1. 

2.3.11 The quantum space M(sOg(4)) 
The algebra relations of M(sOg (4)) are IHH] 

X1X2 = qx2Xi, X1X3 = qxsXi, 

X3X4 = 5X4X3, X2X4 = qX4:X2, 
X2X3 = X3X2, [X4,xi] = {q -'^)X2X3- 

The Poisson brackets are 

{xi,X2} = X1X2, {a;2,X4} = X2X4, 

{xijXa} = X1X3, {X3,X4} 

{X2, X3} = 0, {X4, Xi} = 2X2X3. 
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Since the Poisson tensor has two Casimir functions, two vector fields will 
suffice. We take 

/ = lna;2, g = \nx4, 

{f,9} = l: 

X = Xf = x^di - xidi, Y = Xq = -(x2d2 + xsd^) + 2^^^^9i. 

X4 



Therefore 



X"(xi) = (-l)"xi, = + 6''\-2y^^^^ 



X^{X2) = 5"°X2, F"(X2) = (-1)"X2, 

X^ixs) = 5"°X3, F"(X3) = i-lTxs, 



0:4 



For the asymmetric T*r-product ()2.13p we get 

Xi-k X2 = e^XiX2, X2-k Xi = X1X2, 
Xi-k Xs = e^XiXZi X'i-k Xi = X1X3, 

xi-k Xi = X1X4, X4-k xi = X1X4 + (e~^^ — l)a;2a;3, 

X2-kX3 = X2X3, X3 -k X2 = X2X3, 
X2'k X4 = X2X4, Xi-k X2 = e~^X2X4, 
X3 * X4 = X3X4, X^-k X3 = e~^X3X4 

which yields the algebra relations 

Xik X2 = e^X2 k Xi, Xi-k X3 = 6^X3 k Xi, 
X3 * X4 = e^Xi -k X3, X2-k Xi = e^Xi -k X2, 

X2'k X3 = X^-k X2, [Xi t X^l = {e'"^^ - 1)X2 -k X3. 



For the antisymmetric ^-product ()2.14ll we calculate 

h _h 

Xi k X2 = 6^X1X2, X2kXi = e 2x1X2, 

h _h 

Xi Ttr X3 = 62X1X3, X3*Xi = e 2X1X3, 

Xi T*r X4 = X1X4 + (e^^ — l)x2a;3, X4 t^t xi = X1X4 + {e^ — l)x2a;3, 

2^2 *a;3 = X2a;3, X3*X2 = X2X3, 

h _h 

X2k X4 = 6^X1X2, X4kX2 = e 2X1X2, 

h _h 

x^k X4 = e^xiXs, X4*X3 = e 2^1X3 
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and we get the relations 

Xi-k X2 = e^X2 Xi, Xi-k Xs = c'^Xs -k Xi, 
X^-k X^ = 6^X4 -k X3, X2 ★ X4 = 6^X4 -k X2, 

X2-k xs = xs-k X2, [xi * X4] = {e^ - e~^)x2 -k X3. 
In this case the relations are exactly reproduced. 

2.3.12 Fourdimensional g-deformed Fock space 

The algebra relations are [ZOl HI] 

1. . 

X1X2 = -X2X1, yiy2 = qy2yi, 
Q 

yiX2 = qx2yi, mxi = qxm, 
yixi = q^xiiji + 6*, 112X2 = q^X2y2 + {q^ - l)xiyi + 9. 

The Poisson tensor becomes 

{xi, X2} = -X1X2, {2/1, y2} = 2/1I/2, 
{x2, yi} = -X2yu {xuy2} = -xiy2, 
{yi, xi} = 2xi?/i + 9, {y2, Xa} = 2(xiyi + X2y2) + 9. 

After some calculations we find the desired functions 

/i = -lnxi, /a = ^ln(2xiyi + 6*), 

. 1 1, 2(xiyi + X2I/2) + 61 

^i = /2-lnx2, ^2 = -In — 

2 2xi?/i + 9 

with {/i,/2} = 1, {91,92} = 1, the other brackets vanish. The Hamiltonian 
vector fields are 

Xi = Xf^ = X2dx2 + y2dy2 + ^^^^^ dy^, Yi = = xi(9^, - yidy^, 

Xi 

X2 = Xg^ = — dy2, Y2 + Xg^ = X2dx2 " 1/2C^?;2- 

X2 

We calculate 

(xi) = 5"°xi, Y^{xi) = xi, 



Xr(x2) = X2, ri"(x2) = 5"°X2, 



on ZD 

Xi 2 
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^2 (y2) = -(a^iyi + 2:2^2 + I) for n > 0, Y^^{y2) = (-l)"y2. 

2^2 ^ 

Since we now have four vector fields we use a generalization of the asymmetric 
★-product 

n=0,m=0 

and get 





= X1X2, 


X2 * Xi 


= e'*xiX2, 


yi *y2 


= yiy2, 


y2*yi 


= e~Vy2, 


yi*x2 


= ^12^2, 


^2 * Xi 


= e~^X2yu 








= a;iy2, 






X2*y2 


= 2:2^2, 



e2/» _ 1 

yi ★ xi = e^'^xiyi H — 0, 



g2/i _ I 

y2*X2^ e^^X2y2 + (e^'' - l)xiyi + — ^ — 6. 
The algebra relations for this ^-product are 

xi-kX2 = e~^X2-kXi, yi-ky2 = e^y2-kyi, 
yi-kX2 = e^X2-kyi, y2 Xi = e^x^-k y2, 

yi-kxi^ e^^xi -kyi + - — ^ — 9, 

^2^X2 = e^^X2 ★ ?/2 + {e^^ - l)xi *yi + — - — 9. 
And we get the same relations as in the original algebra if we set 
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Chapter 3 



Geometry 



To study physics in the noncommutative realm, one replaces the commutative 
algebra of functions on a space with a noncommutative algebra. Such a 
replacement is generally controlled by a parameter so that in some limit we 
can get back a commutative space. The same we expect from theories built 
an a noncommutative space: In the commutative limit they should reduce to 
a meaningful commutative theory. T^r-products have shown to be very useful 
tools for constructing such deformations since their classical limit is very 
easily calculated. In this chapter we apply ^ir-products to the commuting 
frame formalism developed in P|. For a noncommutative space where the 
commutator of the coordinates is constant, the commutative limit of this 
formalism is the usual flat spacetime. For noncommutative spaces with more 
complicated, non-constant commutators this limit can be a curved manifold. 

After a short introduction to noncommutative differential geometry where 
we fix our notation, we will calculate the semi-classical limit of the commut- 
ing frame formalism. In this limit we will see that the construction of a 
Poisson tensor for a given frame reduces to solving a couple of differential 
equations. The deformation quantization of the Poisson tensor gives us a 
T*r-product and we have constructed a noncommutative space with desired 
classical limit. We give some examples and we will see that the formalism 
works well in two dimensions, but has its restrictions in four dimensions. In 
the end we will construct Poisson structures having the same symmetries as 
the Schwarzschild metric. Here we are able to give a first order differential 
calculus with the desired classical limit. 
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3.1 Noncommutative differential geometry 

Locally every manifold can be described by N coordinates x\ The set of 
all derivations acting on functions on the manifold forms a module over the 
algebra of functions. The partial derivatives di form a basis for all these 
derivations. Dual to the space of derivations is the space of one forms. The 
differentials dx^ form a basis of this space and they are dual to the partial 
derivatives 

dx\dj) = 5]. 

With help of the differentials one is able to introduce the de Rham differential 
mapping functions to one-forms 

df = dx^'dif. 

If one introduces higher order forms with the rule 

dx^dx-' — —dx^dx^, 

one can extend the de Rham differential to a nilpotent graded derivation. 
The differential d and all higher order forms are the exterior algebra of the 
manifold. One can show that the whole topology of the manifold is encoded 
in the properties of d or the exterior algebra respectively. 

In noncommutative geometry one replaces the commutative algebra of 
functions on the manifold by an noncommutative algebra. Here we again 
restrict ourself to algebras defined by relations 

A^C<x\---,x^ > /n. (3.1) 

To find something similar to differential geometry one can go on and construct 
differential calculi to these type of algebras. Just like in the commutatitve 
case a differential calculus on ^ is a Z-graded algebra 

r>0 

where the spaces iY{A) are ^-bimodules with = A. The elements of 

^'^{A) are called r-forms. There is a linear map 

d:n'{A) ^ n'^\A) 
with the same properties as the commutative differential. It is nilpotent 
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where ui G 01" {A) and uj2 G VL{A). Additionally we assume that d generates 
the spaces QJ'i^A) for r > in the sense that 



{A) = A-dQJ-{A)-A. 



Using the Leibniz rule (j3.2L every element of QI'i^A) can be written as a 
linear combination of monomials f{x)dx^^dx^^---dx'^''. The action of d is 
determined by 



d{f{x)dx''dx'' ■ --dx'^) = d{f{x))dx''dx"' ■ --dx'^. 



To construct a differential calculus on the algebra A ()3.H) one starts with 
a first oder differential calculus, that means one restricts to the 1-forms and 
the differential 



The Leibniz rule ()3.2p and the relations 71 of the algebra have to be consistent 
with the bimodule structure of Q^{A). In the following all relations will be 
given in terms of commutators [x^x-'] = d^{x), therefore 



For the higher order differential calculus one has to go on in the same way. 
The relations of the bimodule structure again have to be consistent with 
d'^ = and the Leibniz rule. 

3.2 Commuting frame formalism 

Surely in commutative differential geometry one is not forced to use the 
partial derivatives of the coordinates as basis for the space of derivations. 
One can also use a comoving frame 



where Cq* is an invertible matrix. Here a = 1 ■ ■ ■ is an index numbering 
the derivations of the frame. The dual frame is therefore {e^°'ea'^ = S^) 



d:A^n\A). 



[dx\x^] + [x\dx^] = dd^{x). 



e 'd- 



(3.3) 



r = e%(x)rfx'^. 
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The differential can be written only with this new basis elements 

These formulas all have global extensions to the whole manifold. To go on 
we can restrict ourselves to special differential calculi related to derivations 
of the algebra. The set of all derivations on the algebra is not any more a 
module. But we can take a special set of linear independent derivations ia 
and introduce a first order differential calculus in the following way. The 
space of one forms should be a bimodule over the algbra generated by ^" and 
the differential is defined by 

The components of the frame may be defined by 

Since the are derivations it is consistend to let the ^" commute with all 
generators of the algebra 

The ^° form a commuting frame for the algebra. The differential d and the 
forms O"- constitute a first order differential calculus on the algebra. To con- 
struct an analog to the exterior algebra a higher order calculus is necessary. 
As we have seen relations for the 9^ among themselves and dO^in terms of 
two forms have to be given in a consistent way. 

A very important structure for physical applications is a metric on the 
manifolds which turns it into a (pseudo-) Riemannian manifold. It can be 
shown that there always exists a dual frame 

^» = e\{x)dx'' 

for which the metric is constant 

g^.dx^dx" = rjabO'^e' = rjabe^^^eKdx^dx". 

Note that there are many frames resulting in the same metric. If M"'h{x) is 
a local SO{n) gauge transformation the metric stays the same if we use the 
transformed frame 

e"" = M^(x)^^ (3.4) 



3. Geometry 



39 



With the above construction it is very easy to generalize this to the noncom- 
mutative case. We simply assume that the frame is always adapted to the 
metric 

If the derivations are all inner derivations 

eaf=[XaJ], (3.5) 

the algebra has to have a trivial center, if the module of one forms should 
have the same number of generators as in the commutative case. Otherwise 
one is not able to find enough linear independent derivations. We will call the 
Xa "momentum maps". The components of the frame are now commutators 

and the differential may be written as a commutator with a one form 

df = e^eaf = rXaJ]. 

We will call 9 = 9"'Xa the Dirac operator of the differential calculus. For a 
Dirac operator in the sense of [2j more conditions have to be fulfilled. It is 
not clear how to generalize the notion of a local frame transformation ()3.4j) . 
since after that the frame will not commute any more with functions. 

3.2.1 Semiclassical limit of ★-product representations 

Here we assume that the noncommutative frame consists of inner derivations 
()3.5p . If we have represented the algebra with a T*r-product then to first order 
the algebra relations define a Poisson structure 

[x" * x^] = x'^} + ■ ■ ■ = /in"^(x) + ■ ■ ■ . 

Further there are functions that correspond to the momentum maps of 
the algebra. We now have 

{XaJ} = Ca'-d.f 

and we can identify the functions with the coframe of the first section. 
In the semiclassical limit there is direct correspondence between a frame and 
the momentum maps. 

On the other hand one can ask the question if it is possible to construct 
a Poisson structure and momentum maps that reproduce with the above 
formalism a given frame. We know that 



(3.6) 
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has to be fullfilled. If we introduce the closed symplectic form cu — U ^ we 
can translate the last equation into 

From this we derive two equations that have to be fullfilled for Xa and the 
frame e". cu has to be antisymmetric and closed 

du = 0. 

Since the algebra has trivial center it is neccessary that the dimension of our 
space is even-dimensional N — 2M. The equation ^S" = has ^N{N + 1) 

and duj = has I 3 ) = -^N^N — 1){N — 2) components. Even in two 

dimensions these are 3 partial differential equations for the 2 functions Xa ■ 
We see that in higher dimensions it will become very difficult to find a frame 
in which the above system of equations may be solved. Further we are free 
to make local frame transformations and coordinate transformations on our 
classical manifold and there are no hints which frame to use for quantizing 
the geometry. 

3.2.2 The flat metric 

First suppose we want to apply the formalism to the frame 9"' — S'^adx". 
Then for 5" = we get 

<9«A/3 + dpXa = 0. 
After some calculations one finds that 

is the most general solution, c is a constant antisymmetric matrix and 5^ are 
some constants. For the inverse of H this yields 

which is clearly a closed form. We have reproduced the formalism with 
constant invertible Poisson tensor. 

Secondly we want to investigate the case of a holonomic frame 6*" = 
daf^dx^. After a coordinate transformation one sees immediatly that now 
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with c and 5 again constant. Therefore 

which is again closed. The first order formalism is invariant under coordinate 
transformations, which we could have seen from the definitions of S and uj, 
too. 



3.2.3 Two dimensional examples 

In the following we will apply the formalism to some two dimensional ex- 
amples. We will see that it works quite well in this case since the equation 
duj — Q IS fulfilled for all two forms in two dimensions. 



Sphere 

The metric of the sphere in polar coordinates is 
The most obvious frame is 



S ^0 yields 



Therefore 



di)Xi + di)Xi = 0, 
9^A2sini? + 5^Ai = 0, 
8^X2 + 8^X2 = 0. 



Ai = -^</? + (5i, 8^X2{'d) 



h hsiwd 
and LU may be calculated 

_ 1 
u^,^ - ^. 

In two dimensions every two form is closed and therefore 

fulfills the Jacobi-identities. An algebra having this Poisson structure is the 
Heisenberg algebra [d, (f] — h in two dimensions. Since the second momen- 
tum map A2 is not a polynomial in the algebra generators a quantization of 
this momentum map seems to be very unnatural. 
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Constant curvature 

It is known that all two dimensional spaces with constant curvature can be 
written in the following form (see e. g. 0) 

ds"^ = f{u,v){du'^ + dv^) 

with 

/ = ^ — ^- — 2 sphere, 

/ = Poincare disk, 

1 — — 

f = - Lobachewski plane. 

V 

For the sphere this are stereographic coordinates. We use the frame 

= fdu, e"^ = fdv. 

S = yields 

\l = --rV + di, X2 = yU + d2 

h h 
and we can calculate ^ 

{u,v} = J. 



This Poisson bracket easily may be generalized to algebra relations. All 
the momentum maps are linear in the coordinates. Therefore they correspond 
to the algebra generators, no ordering ambiguity is present. For the sphere 
in stereographic coordinates we get 

[u,v] = h{l + {)^). 

Since we have started from the stereographic projection of the sphere the 
resulting algebra for the sphere makes no reference to the different topology. 
The resulting algebra is a noncommutative sphere with a hole at the south 
pole and in this sense a noncommutative plane with a non constant metric. 
Similar we get for the Poincare disk 

{u,v} = h{l-u'^-v^) 

and for the Lobachewski plane 

{u, v} = hi). 

The resulting noncommutative Lobacheweski plane is known to the literature 

m 
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Metric with one translational symmetry 

We start with the rather general ansatz 

which is invariant under translations t — > t + c in the t direction. We use the 
frame 

0' = e^dt, 6' = e'^dr. 

S* = yields 

A. = dAt{r) = -ie*-'^ 

and the Poisson structure becomes 

{t,r} = he"^. 

Two dimensional Schwarzschild 

We specialise now to the case of the t-r-slice through the Schwarzschild met- 
ric. Here 

2^ _ 1 ^ 24> _ 1 

r 1 — — 

r 

and we get 



{t,r} = /^^l-^. (3.7) 

This is well defined if we restrict the manifold to t G M and r > tq. In 
the limit r ^ oo this Poisson structure tends to the constant one. The 
momentum maps are 

\r = — t, 

h 

At = + '^o ln(r - ro)). 

We can write down an algebra which has this Poisson bracket as semiclassical 
limit 

[i,r]=h^l-^-^, (3.8) 

where the square root is considered as a Taylor series in f. This algebra may 
be represented with a T*r-product constructed out of the Poisson bracket (I3.7jl . 
We will use the resulting algebra in (|3.3.3|) to construct a noncommutative 
frame for the four dimensional Schwarzschild metric. 
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Higher order difFerential calculus 

We want to construct a higher order differential calculus for the algebra (j3.8|l 
for 

df = 9''[\rj]+9'[\t,f] 



with 



K = j^i, Ai = -■^(l + roln(f-ro)). 



First we calculate 



With this we get (p(r) 



n) 1 



[i, dt\ = h di p{f), [f, di\ = 0, 
[i, dr] = hdr p{r), [r, dr] = 0. 

From this we derive 

2didi = 4:didfp'{r), 
dr di + didr = 0, 
df di + didr = dr dr p{r) , 
dr dr = 0. 

The first condition implies 

= [i, didi\ = Adidr [i, p\r)]. 

Therefore 

di df = 0, 

which has not the desired classical limit. 
3.2.4 Metrics in four dimensions 

Although the formalism works well in two dimensions we will see that this 
is not the case in four dimensions. We tried to solve the system of partial 
differential equations for diverse physically interesting frames but we never 
were really successful. 
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Schwarzschild metric 

The best known form of the Schwarzshild metric is 

ds' = -(1 - ^)rft2 + -^dr^ + r^dQ\ 
r 1 - 

r 

Here the most obvious frame is 

e' = e^dt, 9' = e-^dt, 
= dd, 9'^ = sin Mif, 

with = s^l — Here the S = equations have no solution for arbitrary 
'0 except ijj = 0. In another coordinate sytem the Schwarzschild metric 
becomes |73| 

2m 
r 

A more general frame ist 

^0 = dt, 6' = dx' - x'f{r)dt 



ds^ = -de + {dx' - x\i—dty. 



with / = \/ For general / again the 5* = equations imply / = 0. 



Kasner metric 

One form of the Kasner metric is |73| 

j 

ds^ = -dt"^ + (dx' -i/.:—dty. 

■' t 

To be more flexible we start with the following frame 

e^ = dt, 6' = dx' + P'j{t)x^dt. 
The S = equations become 

doXo + dokP'jX^ = 0, 
doK + dAiP'^x^' + dAo = 0, 
diXj + djXi = 0. 

From the last equation we deduce that 

Xi = Cjk{t)x'' + Si{t). 
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Pit)- 



We make the ansatz 

Xx^-a{t)y \y^a{t)x X^^Pit), 

p{t) 
p{t) 

and the S = equations reduce to 

a — pa, (5 — —qP, 

with 

Ao = -$z + ^. 

The two form lu becomes 

cu — —a{ydx — xdy) Adt — adx Ady + $dz A dt 
— {xdy — ydx) Ada — adx A dy + dz A dj3. 

It is not closed. To cure this problem we make a slight modification 

uj — {axdy — (1 — a)ydx) Aa — adx A dy + dz A d(3 

with a some constant. We get now 

{z, x} = a-^x, {z, t} = -i, 
a/j p 

{z,y} = a^y, {x,y} = -. 

a(5 OL 

If we use the definitions for the Aa from above, we can calculate the coframe 



The frame becomes 

QX 



/ 1 


—a-x 


a 





1 








u 






= dt, 



a^x -(l-a)% 


1 





a 



-SrZ 

(l-a)ix 



dx + a—x dt, 
a 

a 

dy + il — a)—ydt, 

a 



A,2 



a 



dz+{^-{a^-{l-af)—xy)dt 
p ap 



a 



+ ^{aydx — (1 — a)xdy. 
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We see that with the commuting frame formalism it is impossible to construct 
a frame, becoming in the classical limit the above given frame of the Kasner 
metric. 

In [Z3| a noncommutative version of the Kasner algebra was constructed 

using the commuting frame formalism we started from. To relate our example 

to the one there we now further assume 

a pi .a p2 

a— = — , 1 — a) — 



Therefore 

Further we set 
so 

Now 

and the frame becomes 
0° = rft, 



at at 



Pi P2 ,n 

— = a = t <^ . 

a 1 — a 



$ = tP\ 

$ a 



X 

9"^ = dx + pi-dt, 

ey = dy + pj—^^dt, 
a t 

2 

r = dz + p^-dt + ia^ -{l-af)^t^-P^xydt 
t 

+—t'^~'^^''^(aydx — (1 — a)xdy). 
a 

The last term of 6^ has the same order of magnitude as the ordinary deviation 
from the flat metric in 6^ and Qy . 

With this solution the commutation relations become 

{z, x} = pit-P'-^x, {z, t} = t-P\ 
{z^y\ = Pit y, {x,y} = t 

(X 

If one sets the parameters pi and ps to zero the above relations become 
constant commutator relations between the coordinates. If we let t go to 
infinity we can fit the parameters pi,P3 and a in such a way that all relations 
vanish. 
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3.3 SO (3) X T invariant Poisson structures and 
algebras 

In this section we try to construct algebras having the same symmetries 
as the Schwarzschild metric. Meaning invariance under rotations and time 
translations. For this we first construct non-degenerate Poisson structures 
with these properties. Since we know that every Poisson structure may be 
quantized by a T*r-product we are able to write down all possible algebras with 
trivial center. We will see that these are quite unique. With the help of one 
of these algebras, we propose a non-commuting frame, that becomes in the 
classical limit a frame for the Schwarzschild metric. 

3.3.1 The Poisson structures 

We start with following Ansatz 

{x\x^} = f3{r,t)e'^kx', 
{t,x'} = a{r,t)x\ 

where i = x.y. z and r = \/ x"^ + y"^ + z^. These equations are obviously 
covariant under rotations. It would be invariant under translations in the t 
direction if a and (5 do not depend on t, but we keep them in this form to 
be more general. The bracket with a function / is 

{x\f} = -ax^dj + Pe'hdjf, 
{t,f} = ax'dj. 

With this the Jacobi identities are 

{x\{x^,x''}} + cyc. = -adtf3e'^''r\ 
{t,{x^,x''}} + cyc. = a{rdr(3 - (3)e'\x^ . 

The brackets become a Poisson structure if the right hand side of the above 
equations vanishes. This is the case if either 

a = 0, j3 = j3{r,t) 

or 

a — Q;(r, t), (5 — br, 

where 6 is a constant. In the first case t commutes with all functions. Only 
in the second case, there is the possibility for all derivations to be inner 
derivations. Therefore we will later restrict us to this case. 
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3.3.2 Algebras and isomorphisms 

After quantization the Poisson structures become algebras. Note that in both 
cases 

{r,x*} = 

and there is no ordering problem on the right hand side of the algebra rela- 
tions if a and (3 do not depend on t. We will assume from now on that [3 
does not depend on t . The first case is now 

[x\x']=me'hx\ [U^] = 

with (3 7^ hr. If we define = [3^^{f)x^ these relations become 

Therefore this algebra is isomorphic to U{su{2)) x C. 
The second case is 

[x\ x^] = bfe'^kx'', [i, x'] = a{f, i). 

If we again define = f"^a;* we get the constraint s^Si = 1. The relations 
become 

[s\P] = be'hs^ [s\r]=0, 

[i,s'] = 0, [t,f] = «(f,t)f. 

This algebra is isomorphic to Sb x for a = or S";, x A otherwise. For 
^ — \J N^-i ^iid N an integer is a fuzzy sphere with deformation parameter 
b and has finite dimensional representations. A can be any two dimensional 
algebra. 

3.3.3 Rotational invariant metrics with a minimal non- 
commuting frame 

In the last section we have seen that the second algebra decomposes into a 
three dimensional rotational covariant algebra and a two dimensional algebra 
for which we can now use the algebra from Section 13.2.31 The relations 
become now = fs*, dijS'^P = 1) 



[s\r]=0, 
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We now use five inner derivations to define a frame 

er = [Ar, ■] = ■] e-^dr, 
et = [Xu-]^e-^dt. 

The arrows indicate the classical limit. At is defined in the classical limit via 

In the classical limit a;*ej = and the derivations are linearly dependent. The 
dual one forms to the Cj are well known, they form the differential calculus 
on the fuzzy sphere. The dual forms of and it are easily constructed. The 
classical limit of these forms is 

9q > —E jifX'^dx , 



We know 



^ij^o^o — ^ d^^ . 



We define now some forms that do not commute with functions 

Only i does not commute with 9^. With these forms we can now construct a 
noncommutative version of the four dimensional metric 

ds^ = -{§'f + {e'f + dijO'e^ ^ -e'^^dt' + e'^t'dr'' + r'dQ". 
Note that dual to the 6'^ are the following deformed derivations 

r 

with 
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The inner isomorphism defined by f is 

r-Hr = t + h — —. 

r 

In the case of the Schwarzschild metric this becomes 



r-Hr^t+-Jl - 4- 
r y r 

Again this only makes sense if the spectrum of f has no values smaller than 
To. In the limit r ^ oo this tends to the identity. 

If we define the one form 
it follows that (a = r, t) 

9 is the Dirac operator of the differential calculus. 

It would be nice to have a higher order differential calculus for the first 
order one. To construct this we note that 

[et, e-i] = 0, 

r r 



It is consistent to define 



and 



gigj ^ _Qjgi^ 



2r^ r 



dd^ = 0. 
The claim d? — Q reduces to 

In (1.5.4) we have shown that this implies {9^f = {O^f = r^* = = 
dO^ = 0. Again we are not able to extend the first order differential calculus 
to a differnential calculus of higher order. 
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Chapter 4 

Derivations of ^-products 



We have seen that if we want to make noncommutative geometry in the 
product formulation we have been very successful interpreting derivations as 
a noncommutative analog of frames. In the last chapter we used invertible 
Poisson structures, the resulting algebras therefore had trivial center and all 
derivations have been inner derivations. To be more general we now relax 
our restrictions and take degenerated Poisson structures in consideration. 
Consequently the algebras will have central elements. This is due to the fact 
that in the classical limit all vector fields formed from the inner derivations 
will commute with the functions associated to these central elements. We 
are forced to deal with outer derivations and in this chapter we first will 
examine derivations of ^-products without referring to any abstract algebraic 
construction. 

In the beginning we will introduce Kontsevich's Formality map |38] to 
make some statements about derivations on quantized Poisson manifolds. 
Then we will calculate the general form of derivations on the Weyl ordered 
T*r-product. Knowing the restrictions and the form of the derivations we are 
able to construct an interesting differential calculus on the ^-product algebra. 
This will be used later to make contact with Seiberg-Witten gauge theory. 
After some considerations how to construct traces for ^ir-product algebras 
we are able to write down consistent actions for noncommutative theories 
becoming non abelian gauge theories on curved manifolds in the classical 
limit. 

4.1 The Formality Map 

Kontsevich's Formality map [38j is a very useful tool for studying the rela- 
tions between Poisson tensors and ^-products. To make use of the Formality 
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map we first want to recall some definitions. A polyvector field is a skew- 
symmetric tensor in the sense of differential geometry. Every n-polyvector 
field a may locally be written as 

a = a'i-*"5,, A... A9,„. 

We see that the space of polyvector fields can be endowed with a grading 
n. For polyvector fields there is a grading respecting bracket that in a nat- 
ural way generalizes the Lie bracket [■, ■]l of two vector fields, the Schouten- 
Nijenhuis bracket (see lA.Hl . If vr is a Poisson tensor, the Hamiltonian vector 
field Hf for a function / is 

Hj=[T,J]s = -T^''dJd,. 

Note that [vr, 7r]5 = is the Jakobi identity of a Poisson tensor. 

On the other hand a n-polydifferential operator is a multilinear map 
that maps n functions to a function. For example, we may write a 1- 
polydifferential operator D as 

D{f) = Dof + D[dJ + Dp,d,f + .... 

The ordinary multiplication ■ is a 2-polydifferential operator. It maps two 
functions to one function. Again the number n is a grading on the space of 
polydifferential operators. Now the Gerstenhaber bracket fsee lA.2|l is natural 
and respects the grading. 

The Formality map is a collection of skew-symmetric multilinear maps 
f/„, n = 0, 1, . . ., that maps n polyvector fields to a m-differential operator. 
To be more specific let ai, . . . , be polyvector fields of grade ki, . . . ,kn- 
Then f/„(Q;i, . . . , a„) is a polydifferential operator of grade 

m = 2 - 2n + fcj. 

i 

In particular the map Ui is a map from a fc-vectorfield to a ^-differential 
operator. It is defined by 

f/i(a^-*"9,, A ... A dJih, ...,fn)= a^'-'-dUi ■■■■■ dUn. 
The formality maps f/„ fulfill the formality condition |2H1 HE] 

g;f/„(ai, . . . , «n) + ^ J)Q'2iU\i\M, U\j\{aj)) (4.1) 

/U.7={l,...,n} 
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= - ^e(z, j, . . . ,2, . . . , j, . . .,n)Un-i{Q2io:i,aj),ai, . . . ,ai, . . . ,aj, . . 

The hats stand for omitted symbols, Q'i{T) = [T,/i] with /i being ordinary 
multiplication and Q'^iT^, Ta) = (-1)(|t^iI-i)|t^2|[Ti, Tajc with |T,| being the 
degree of the polydifferential operator T^, i.e. the number of functions it is 
acting on. For polyvectorfields a di-^ A ... A of degree kg we have 

For a bivectorfield tt we can now define a bidifferential operator 

oo ^ 

* = y]-rf^n(7r, ...,7r) 

n=0 

i.e. 

oo ^ 

1-^9 = y]-rf^n(vr, . . . ,n){f,g). 
^-^ nl 

n=0 

We further define the special polydifferential operators 



n=l ^ ' 
oo ^ 

^'(ai,a2) = --Tyt/„(ai,a2,vr, ...,7r). 

For g a function, X and Y vectorfields and vr a bivectorfield we see that 

bx = 

is a 1-differential operator and that both (j){g) and \&(X, y) are functions. 
We now use the formality condition ()4.1j) to calculate 

K*]g = $([7r,7r]s), (4.2) 
[$(/), = -$([/,7r]5), (4.3) 
[6x,*]g = H[X,n]s), (4.4) 

[6x,Sy]g + ['^{X,Y),^g 

= 6[x,Y]s + ^([^' y]s, X) - ^{[9, X]s, Y), (4.5) 
[<l>(7r),$(^)]G+ [^(7r,^),*]G 

= - ^([^, vr) - ^^([5, 7t]s, g), 
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[Sx,^{g)]G 

-- g]s) - ^{[9, g]s, X) - ^{[9, X]s, g). 



(4.6) 



If 71 is Poisson, i. e. [tt, Tr]^ = and if X and Y are Poisson vector fields, i. 
e. [X,tt]s = [Y,tt]s = 0, the relations to (g^ become 



when evaluated on functions. [■, ■] are now ordinary brackets, -k defines 
an associative product, the Hamiltonian vector fields are mapped to inner 
derivations and Poisson vector fields are mapped to outer derivations of the 
T*r-product. Additionally the map 6 preserves the bracket up to an inner 
derivation. The last equation can be cast into a form which we will use in 
the definition of deformed forms in (14.311 



For every Poisson manifold there not only exists a quantization with the For- 
mality Tir-product, but additionally there is a deformation of the Lie bracket 
going with the derivations of this ★-product. 

4.2 Weyl- ordered ★-products 

The formality ★-product is the obvious choice if we start from a Poisson man- 
ifold and therefore if we only need a ★-product that reproduces the Poisson 
structure to first order. But starting from an algebra, we need a ★-product 
that reproduces the whole algebra, not just the Poisson structure. If we ex- 
tract a Poisson structure from an algebra generated by noncommutative co- 
ordinates fulfilling certain commutation relations, there's no way of knowing 
if the formality ★-product built from this Poisson structure will reproduce the 
commutation relations or not. For this purpose the Weyl ordered ★-product 
()2.2.2p is more suitable. In the following we will calculate the derivations for 
this type of ★-product. 

We have shown that for the Formality ★-product there exists a map S 
from the derivations of the Poisson manifold T^M = {X G TM\ [X, 7r]s = 0} 



f-k{g-kh) 
{[Sx,SY]-Six,Y]L)i9) 




(4.7) 



[Sx,Sy] = ^ixxu 



with 



[X,YI=[X,Y]l + H^~ 
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to the derivations of the ★-product T^M = {S E Tpoiy\[S,-k]G = 0}. Since an 
arbitrary ^-product is equivalent to the Formality ★-product, we can expect 
that such a map exists for every ★-product. Here we state some facts, that 
we can say about such a map in general. For this we expand it on a local 
patch in terms of partial derivatives 



Due to its property to be a derivation, it is now easy to see that Sx is 
completely determined by the first term Sxdi. This means that if the first 
term is zero, the other terms have to vanish, too. If further e is an arbitrary 
derivation of the ★-product there must exist a vector field Xe such that 

Sx, = e. 

U X. Y G T^M, then [Sx, Sy] is again a derivation of the ★-product and we 
can conclude that 



where [X, Y]^ is a deformation of the ordinary Lie bracket of vector fields. 
Obviously it is linear, antisymmetric and fulfills the Jacobi identity. 

We will now calculate 6 and [•,•]* up to second order for the Weyl ordered 
★-product. We assume that 6x can be expanded in the following way 



Sx = Sxd: + 



S'^didj H . 



[Sx, Sy] = S[X,Y]^ 



(4.8) 



Sx - X'di + Spidj + Sfdidjdk + ■■■. 



Expanding the equation 



Sx{f * ^) = Sxif) -*^g + f-*^Sx{g) 



order by order and using [X, c]^ = we find that 



Sx = X%-^c^'dkd"%d^X^d,dj 



(4.9) 



+^c%'"'mx^dkdmdj + 0(3). 




-^{c^'dkc'^didmX^did^Y^ - c'%c'^didrnY^didjX-)d, 

+C»(3). 



'n 



•n 
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4.3 Forms 

Now we want to introduce noncommutative forms, which will later be used 
in Seiberg-Witten gauge theory ()5.3|) . If we have a map 6 from the Poisson 
vector fields to the derivations of the ★-product, we have seen that there is 
a natural Lie-algebra structure [■,■]* M.Hl over the space of Poisson vector 
fields, the space of derivations of the Poisson structure. On the space of 
derivations of the ★-product we can easily construct the Chevalley cohomol- 
ogy. Further, again with the map 6, we can lift derivations of the Poisson 
structure to derivations of the ★-product. Therefore it should be possible to 
pull back the Chevalley cohomology from the space of derivations to vector 
fields. This will be done in the following. 

A deformed fc-form is defined to map k Poisson vector fields to a function 
and has to be skew-symmetric and linear over C. This is a generalization 
of the undeformed case, where a form has to be linear over the algebra of 
functions. Functions are defined to be 0-forms. The space of forms f2*M is 
now a ★-bimodule via 

{f^uj^g){X,,...,Xk) = f^uj{X,,...,Xk)^g. (4.10) 

As expected, the exterior differential is defined with the help of the map 6. 

k 

6u{Xo, ...,Xk) = $^(-1)* SxMXo, ...,X^,...,Xk) 

1=0 

+ (-ir^'^([X„X,].,Xo,...,X„...,X,,...,X,). (4.11) 

0<«<i<A: 

With the properties of 6 and [■,■]* it follows that 

6^uj = 0. 

To be more explicit we give formulas for a function /, a one form A and a 
two form F 

5fiX) = 6xf, 
6A{X,Y) = 6xAy-SyAx-A[x,yu, 
6F{X,Y,Z) = 6xFy,z-SyFx,z + Sz Fx.Y, 

—F'[x,Y]*,Z + F'[x,Z]^,,Y — F[Y,Z]^,,X- 

A wedge product may be defined 

uJi A uJ2{Xi, . . . , Xp+q) = -3-^^£:(/, J) uJi{Xi^, . . . , Xi^) ic uJ2{Xj^, . . . , Xj^) 

i,J 
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where (/, J) is a partition of {1, . . . ,p + q) and e{I, J) is the sign of the 
corresponding permutation. The wedge product is hnear and associative and 
generalizes the bimodule structure ()4.1()|) . We note that it is no more graded 
commutative. We again give some formulas. 

if Aa)x = f-kax, 
{a A f)x = ax-k f, 
(a A = ax -^by — ay -^bx- 

The differential M.lljl fulfills the graded Leibniz rule 

S{uJi A UJ2) = 6uJi A Co'2 + (-1)''^ iOl A 6UJ2. 

4.4 Construction of actions 

All field theories in physics may be formulated by an action principle. For 
field theories on a curved manifold the action is of the form 

with g the determinant of the metric. £ is a local Lagrange density depending 
on the fields and its partial derivatives. A simple examples is a single scalar 
field 0. In this case we have C = g^^ dicjydjcj) + where p is a polynomial 
in the field 0. We can formulate the action in the language of frames and in 
this case 

S = j (rxeC{(t),ea(t)) 

where are the vectorfields of the frame as defined in ()3.3|) . Now e is the 
determinant of the frame and in the example of the single scalar field the 
Lagrange density becomes C = r]°'''ea(peb4> + p{4>)- 

If we do not want to give up the action principle we have to generalize the 
notion of an action functional to noncommutative geometry. The generaliza- 
tion of the Lagrange density is quite clear. We only have to replace the fields 
by algebra elements and if we believe that the commuting frame formalism 
is the right one we can use derivations of the algebra as a substitute for the 
frame of derivations . 

What to use for the integral and the measure function e is not so clear 
in the beginning. As an action maps fields to numbers from an algebraic 
point of view, the most obvious candidate is a trace on a representation of 
the algebra. A trace is cyclic with respect to the product of algebra elements 

Trfg = Trgf. 



60 



4. Derivations of ★-products 



Therefore it is possible to do partial integration with inner derivations 

Tr [\J]g = -Trf[\g]. 

Another argument for using a trace comes from noncommutative gauge the- 
ory ()5.2p : Suppose we have a field invariant under the following transforma- 
tion 

5a(t) = i[a,(j)], 

then the trace of a polynomial in is invariant under this type of gauge 
transformations. We will see in the following that the use of a trace in the 
★-product representation will solve the problem with the measure function 
in a quite remarkable way. 



4.4.1 Traces for ★-products 

If the algebra is in the ^-product representation, the algebra elements are 
functions on some manifold and we are able to integrate them. But the 
pure integral is not cyclic with respect to the ★-product. To cure this we 
introduce a measure function and make the following ansatz for the trace 
of the ★-product 

If we expand the equation of cyclicity 

j d^xQix) [f{x)lg{x)] = 

up to first order we see that Q has to fulfill 

di{nU'^) = 0, (4.12) 

where II*-' is the Poisson structure corresponding to the ★-product [f * g] = 
hW^dif djg + ■ ■ ■. It is known [2^1 that there is always a gauge equivalent 
★-product in the sense of ^'2.'M for which cyclicity is guaranteed to all orders. 

If the Poisson structure II*-' is invertible then a solution to the equation 
()4.12|1 can be given. In this case the inverse of the Pfaffian 

i = p/(n) = v/dit(n) = J-^e,,,,..,,„m^^^ ■ . -m--^- 



is the measure function. 
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4.4.2 Commuting frames from inner derivations 

Form (I3.6jl we know that in the commuting frame formalism with inner 
derivations Ca = n'*c}/Aa. In two dimensions we have 

^ i - Tii2 ( -92^1 -diXi \ 
V 92X2 d,X2 

= det(e,*) = {Tl^^f{diXi 82X2 - 82X1 81X2). 

is the inverse of the measure function induced by the metric. On the 
other hand the inverse of the measure function induced by the trace is 

2 ^ 

If we want these two measure functions to be equal, 

81X182X2-82X181X2 = ^ (4.13) 

has to be fulfilled. This is not the case in any of the examples from (j3.2.3|) . 
In four dimensons the measure function induced by the trace is 

which is quadratic in the elements of 11. Due to (I3.6jl the measure function 
induced by the metric contains monomials of order four. Again there are 
constraints of the form (j4.13jl if want the two functions to be equal. This is 
also the case in higher dimensions. 

4.4.3 Commuting frames and quantum spaces 

We will now propose another method how to find Poisson structures with 
compatible frames. On several quantum spaces deformed derivations have 
been constructed [^21 EH [ZZ| ■ In many cases the deformed Leibniz rule may 
be written in the following form 

d,ifg)=djg + f/{f)d,g, 

where T is an algebra morphism from the quantum space to its matrix ring 

f/(/^)=f/(/)f„'^(^). 
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Again in some cases it is possible to implement this morphism with some 
kind of inner morphism 

T/(/) = e//e/, 

where e^^ is an invertible matrix with entries from the quantum space. If we 
define 

the Ca are derivations 

eaifg) = ea{f)g + fea{g). 

The dual formulation of this with covariant differential calculi on quantum 
spaces is the formalism with commuting frames investigated for example in 

[ZHl 131131. 

We can now represent the quantum space with the help of a ^-product. 
For example, we can use the Weyl-ordered ^-product we have constructed 
in section I2.2.2I Further we can calculate the action of the operators Ca 
on functions. Since these are now derivations of a ^-product, their classical 
limits are necessarily a Poisson vector fields for the Poisson structure of 
the T*r-product and with ()4.9|1 the derivations are represented by 

4.4.4 Example: M{sOa{n)) 

Now we continue the example ()2.2.3p . As a special frame we take the de- 
formed commuting derivations acting on the coordinates like 

diX^ = 51+ x^di, 
diXp = {SP + ia)di. 

Note that the di are not derivations on the quantum space. But we can apply 
the procedure described previously. If we define 

and assume that it is invertible, we can write the above formulas for di in 
another way 

difg = dj -g + p'^fp- dig, 
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since 

p~^Spp = £° + ia, p^^x^p = x\ 
Therefore as we have seen 

Co = <9o, ei = pdi 

is a frame on the quantum space. The classical limit of this is obviously 

Co = do, Ci = pdi. 

The derivations ()4.9I1 going with the Weyl ordered ^-product are identical up 
to third order 

So = do + Oia'), 
6i = pdi + 0{a^). 



In the classical limit we have n linear independent derivations and we can 
apply the commutating frame formalism. The forms dual to the derivations 
are 

^0 = dt, 6' = -dx\ 
P 

and the classical metric (with riat = diag{l, — 1, — 1, ■ ■ ■) ) becomes 

g = r],,e^e' = {dxy - p-\{dxy + ■ ■ ■ + 
We know that we can write 

{dx^ + ■■■ + (dx^'-y = dp^ + p^dnl_^, 

where dQ'^_2 is the metric of the n — 2 dimensional sphere. Therefore in this 
new coordinate system 

g = (dx^ - (dlnp)^ + dQl_2 

and we see that the classical space is a cross product of two dimensional 
Euclidean space and a (n — 2)-sphere. Therefore it is a space of constant non 
vanishing curvature. Further we calculate that 
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fulfills the equation for the measure function (|4.12l) of the T*r-product trace. 
Here we are lucky and are able to write down actions for field theories on 
this special quantum space with the correct classical limit. For example 

S = Tr{r]'^^ec,(t)eb4> + m^'^ + a^^) 

5o0 -k 6o4> — -k diCp + •k(j) + a(l)-k(j)-k(l)-k(l) 

pn-1 

is a well defined action with the T*r-product p.lOp and reduces in the clas- 
sical limit to ^'^-theory on above described manifold. We will continue this 
example at (I5.3.7|] . where we will have explicit formulas for the Seiberg- 
Witten-maps and we are able to do gauge theory. 
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Chapter 5 
Gauge theory 



In this chapter we will investigate noncommutative gauge theory formulated 
in the T*r-product formalism, where it is possible to formulate general non- 
abelian gauge theories on noncommutative spacetime. Nonexpanded the- 
ories can in general only deal with f/(n)-gauge groups, but using Seiberg- 
Witten-maps relating noncommutative quantities with their commutative 
counterparts makes it possible to consider arbitrary nonabelian gauge groups 

[aaEHllll|. 

The case of an algebra with constant commutator has been extensively 
studied. This theory reduces in the classical limit to a theory on a flat 
spacetime. Therefore it is necessary to develop concepts working with more 
general algebras, since one would expect that curved backgrounds are re- 
lated to algebras with nonconstant commutation relations. We present here 
a method using derivations of ^-products to build covariant derivatives for 
Seiberg-Witten gauge theory. Further we are able to write down a non- 
commutative action by linking the derivations to a frame held induced by 
a nonconstant metric as explaned in the last chapter. An example is given 
where the action reduces in the classical limit to scalar electrodynamics on 
a curved background. 

5.1 Classical gauge theory 

First let us recall some properties of a general classical gauge theory. A 
non-abelian gauge theory is based on a Lie group with Lie algebra 

Matter flelds transform under a Lie algebra valued inflnitesimal parameter 

5aip = iaip, a = a^T" (5.1) 
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in the fundamental representation. It follows that 

{5a5p - 5p5a)i^ = d-ilafi]^^- (5.2) 

The commutator of two consecutive infinitesimal gauge transformation closes 
into an infinitesimal gauge transformation. Further a Lie algebra valued 
gauge potential is introduced with the transformation property 

dadi = dia + i[a,ai]. (5.3) 
With this the covariant derivative of a field is 

Diijj = diip - ittii/j. 

The field strength of the gauge potential is defined to be the commutator of 
two covariant derivatives 

iFij = [Di, Dj] = diQj - djQi - i[ai, 

The last equations can all be stated in the language of forms. For this a 
connection one form is introduced 

The covariant derivative now acts as 

Dip — dip — iaip. 
The field strength becomes a two form 

F — da — ia A a. 



We note that all this may be formulated with finite gauge transformations 
g. They are related to the infinitesimal gauge parameter by 

With this finite gauge transformations for the covariant derivative and a field 
in the fundamental representation are 

TgD^ = gD^g-\ 
TgUi^ = gag~^ + igd^g~^ , 
Tgip = gip. 
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5.2 Noncommutative gauge theory 

In a gauge theory on a noncommutative space, fields should again transform 
like ^ 

4^ = M. (5.4) 

It follows again that 

(yr-5f4)^ = 5_,[A,f]^- (5-5) 

Since multiplication of a function with a field is not again a covariant 
operation we are forced to introduce a covariantizer with the transformation 
property 

Sj,D{f)=z[A,D{f)]. (5.6) 

From this it follows that 

h{D{m) = ikDU)^. (5.7) 
If we covariantize the coordinate functions we get covariant coordinates 

P = D{x') =x' + A; (5.8) 
where the gauge field now transforms according to 

6^A' = -i[x\A]+i[A,A% (5.9) 

Unluckily, this does not have a meaninful commutative limit, a problem 
that can only be fixed for the canonical case (i.e. = iO''^ with 9 a 

constant) and invertible 9. 

For noncommutative algebras where we already have derivatives with a 
commutative limit, it therefore seems natural to gauge these. But due to their 
nontrivial coproduct the resulting gauge field would have to be derivative- 
valued to match the rather awkward behaviour under gauge transformations. 
The physical reason for this might be the following: The noncommutative 
derivatives are in general built to reduce to derivatives on fiat spacetime, 
which might not be the correct commutative limit. 

We therefore advocate a solution using derivations that will later on (see 
section IH. 3. 6j] be linked to derivatives on curved spacetime: 

If we have a derivation d, i. e. a map with the property 



difg) = 0f)g + fm 
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for arbitrary elements / and g of the algebra, we can introduce a noncom- 
mutative gauge parameter Aq and demand that the covariant derivative (or 
covariant derivation) of a field 

again transforms like a field 

5}^m = ikm. 

From this it follows that Aq has to transform like 

h^9 = dAQ + i[A,Ag]. (5.10) 

This is the transformation property we would expect a noncommutative 
gauge potential to have, and in the next section we will show that for this 
object we can indeed construct a Seiberg-Witten map in a natural way. If we 
have an involution on the algebra, we can demand that the gauge potential 

is hermitian Aq = Aq . Additionally the field ^ transforms on the right hand 
side. In this case expressions of the form 

and Z)^Z)^ 
become gauge invariant quantities. 

5.3 Seiberg-Witten gauge theory 

In a method how to construct noncommutative non abelian gauge theo- 
ries using Seiberg-Witten-maps was presented. In the case of constant Pois- 
son structure treated there, it is possible to introduce the momenta via co- 
variant coordinates: di = [d^/x^,-]. In general this approach does not yield 
the desired classical limit. The momentum operators have to be introduced 
in another way. We will approach the problem by considering derivations of 
★-products. 

5.3.1 Gauge transformations and derivations 

If we have a look at ()5.5p . we see that the commutator of two gauge transfor- 
mations only closes into the Lie algebra in the fundamental representation of 
U{n). For non abelian gauge groups, we are forced to go to the enveloping 
algebra, giving us infinitely many degrees of freedom. But this problem can 
be solved using Seiberg-Witten maps |32| 
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The noncommutative gauge parameter and the noncommutative gauge 
potential will be enveloping algebra valued, but they will only depend on 
their commutative counterparts, therefore preserving the right number of 
degrees of freedom. These Seiberg-Witten maps A, \l/ and D are functionals 
of their classical counterparts and additionally of the gauge potential a^. 
Their transformation properties ()5.6I1 and ()5.7I1 should be induced by the 
classical ones (15 .Ij) and like 

A/3 [a] + 5aA/3 [a] = A/3 [a + (5„a] , 
$^ [a] + [a] = $v+-5at/. [« + (^ao] , 
y4[a] + ^^^[a] = yl[a + 5aa]. 

The Seiberg-Witten maps can be found order by order using a T*c-product 
to represent the algebra on a space of functions. Translated into this language 
we get for the fields j44j 

5a^,lj[a\ = iAa[a\ i< "^^[a]. (5.11) 

From ()5.1H1 we can derive a consistency condition for the noncommuative 
gauge parameter Insertion into ()5.5p and the use of (|5.2j) yields 

iSaAp - iSfsAa + [Aa 1 A/3] = iA^i[a,f3]- (5.12) 

The transformation law for the covariantizer is now 

6^{D[a]{f)) = z[A^[a]* D[a]{f)]. (5.13) 

We now want to extend the Seiberg-Witten-map to derivations of the -k- 
product. In the next section we will see that we are able to identify deriva- 
tions of a ^-products with Poisson vector fields of the Poisson structure as- 
sociated with the ^-product. To be more explicit, let us assume that X is a 
Poisson vector field 

X%{f,g} = {X%f,g} + {f,X%g}, 

then we know that there exists a polydifferential operator 6x with the fol- 
lowing property (see chapter HUlesp. ()4.8jl and 14. 2|) 

Sxif-^g) = 5xf g + f -^Sxg- 

It is easy to see that all derivations of this kind exhaust the space of deriva- 
tions of the T*r-product. Since the commutator of two derivations is again a 
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derivation we have concluded that there has to be a deformed Lie bracket 
[■, -J^ with the following property 

With help of the operator Sx we can now introduce the covariant deriva- 
tive of a field and the gauge potential in the following way 

Dx[a]^4a] = (5x^^H -iAx[a]*^^[a]. (5.14) 

It follows that the gauge potential has to transform like 

6^Ax[a] = 6xAa[a] + t[Aa[a] 1 Ax[a]]. (5.15) 

A field strength may be defined 

iFxxW] = [Dx[a] 1 Drla]] - D^x,y]M- (5-16) 

The properties of 6. and [■, ensure that this is really a function and not a 
polydifferential operator 

Fx,y[o] = SxAvia] - 5YAx[a] - i[Ax[a\ * Ay [a]] - A[x,y]M. 

We are able to translate Seiberg-Witten gauge theory into the language 
of the forms introduced in ()4.3I1 . Ax is the connection one form A evaluated 
on the vector field X. It transforms like 

5aA = 5Aa + iAaAA-AAAa. 

The covariant derivative of a field \& is now 

D"^ = 6"$ -iAA 

and the field strength becomes 

F = DF = 6A-iAAA. 

One easily can show that the field strength is covariant constant 



DF = SF -iAAF = 0. 
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5.3.2 Finite Seiberg-Witten gauge transformations 

li is interesting that noncommutative infinitesimal and finite gauge transfor- 
mations may be related like in the classical case. To show this let us first 
define noncommutative finite gauge transformations similar to the classical 
case |42] 

Tg<il^[a] = "^T.ATgo] = Gg[a] * ^'^[a], 
TgDx[a] = Dx[Tga] = Gg[a] ^ Dx[a] ^ Gg[a]-\ 
If we apply two consecutive gauge transformations on a field 

we can derive a consistency condition for finite Seiberg-Witten gauge trans- 
fomations 

Ggigiia] = GgjTgjfl] -kGg^[a]. 

Now we are able to relate finite and infinitesimal gauge transformations. In 
the classical case 

Tgip = e^'^il) = e^"ip 

where Sa is the action of the infinitesimal gauge transformation on the field 
i/j. We can use the same fomula to define the noncommutative gauge trans- 
formations 

Ge^c [a] 7^ '^^[a] = \I'^[a]. 
To get an explicit formula we note that 

{5a - iAa[a]) ^^qH = 

and calculate 

= " ^ ^^vH 
where we have used the Baker-Campbell-Hausdorff formula. 



5.3.3 Enveloping algebra valued gauge transformations 

Gauge theories on noncommutative spaces cannot be formulated with Lie al- 
gebra valued infinitesimal transformations and therefore not with Lie algebra 
valued gauge fields. To see this we assume that the noncommutative gauge 
parameter is Lie algebra valued 
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where the cta are elements of the algebra describing the noncommutative 
space and the T*^ are generators of a Lie algebra with [T", T^] = if°''^cT^. 
We have seen that due to consistency the commutator of two gauge 

parameters again has to be a gauge parameter, but now 

= ^{«Jjr^T'^ + ^[a.,/3,]{T^T''} 

where {, } denotes the anticommutator. All higher powers of the generators 
T°- of the gauge group may be created in this way. Thus the enveloping 
algebra of the Lie algebra seems to be a proper setting for nonabelian non- 
commutative gauge theory. In general this is not very attractive because 
the enveloping algebra is infinite dimensional and consequently requires an 
infinite number of gauge parameters and gauge potentials. 

In Seiberg-Witten gauge theory, however, it is possible to restrict the 
number of infinitesimal enveloping algebra valued gauge parameters to the 
usual ones |13]. In this case the gauge parameter depends on the Lie alge- 
bra valued parameters and its derivatives of the corresponding commutative 
gauge theory. The construction of this kind of enveloping valued gauge pa- 
rameter is based on the Seiberg-Witten map. We have seen that in Seiberg- 
Witten gauge theory the gauge parameter Aa[a] is a functional of the classical 
one a = aaT°- and the classical potential = aiaT"-- We expand it order by 
order in the expansion parameter 

A„[a] =A°[a]+A^[a] + ---. (5.17) 

Further it has to fulfill the consistency condition (j5.12|) . If we plug (I5.17jl 
into this equation we get to zeroth and first order 

iS^Al - iSpAl + [Al AJ] - [Al Al] - iA\^^^,^ = -^c^i^.A" , 9,A°] 

where we have assumed that we use as usual f g = fg + \c^^difdjg + ■ ■ ■. 
The first equation is fulfilled by the commutative gauge parameter. Since 
this yields additionally the correct classical limit we set 

Al = a. 

With this, a solution to the first order equation is 

Al = -'-d'{dia,a,] = - diaaa,,{T\T''}. 
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This is now obviously enveloping algebra valued. The solution is not unique, 
since a solution to the homogeneous part of the first order equation may be 
added. 

We have made the above considerations only for the noncommutative 
gauge parameter. It should be clear that the method can be extended to 
the gauge potential with help of (I5.15jl . to fields with lib. 11^ and to the 
covariantizer with (|5.13p . This will be done in ()5.3.4p for the special case 
of the Weyl-ordered T*r-product. Again all these solutions are not unique, 
due to cohomologies induced by the homogeneous parts of the equations. 
Other methods have to be used to restrict the possible solutions. In [Hlj 
this is done for the constant case by demanding that the resulting action is 
renormalizable up to all orders. 

5.3.4 Seiberg-Witten map for Weyl-ordered ★-product 

With the methods developed in the last section we will now present a con- 
sistent solution for the Seiberg-Witten maps up to second order for the Weyl 
ordered ★-product and non-abelian classical gauge transformations. The so- 
lutions have been chosen in such a way that they reproduce the ones obtained 
in im for the constant case. In the following we will use the Weyl-ordered 
T*r-product expanded order by order 

f-^g = fg + f*ig + f-^2g + --- 

with e. g. 

= ^c'^difdjg. 
Noncommutative gauge parameter 

As we have seen we have to expand A in terms of the deformation parameter 

Aa[a] = a + Al[a] + Al[a] + ■■■. 

To zeroth order the consistency condition ()5.12|) is equal to the commutative 
one ()5.2|1 . Therefore, we already have set A° = a. 
To first order we obtain 

i(5«Aj - iSpAl + [a, Aj] - [p, A^] - ^A^;,^^, = -[a V P] 
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and to second order 

,2 „-r a2 , r^, A 21 r/? a2i •a2 



A solution to this is 

Aa[a] = a — -d^ {dia,aj} 

+^c'^c''^(4:{dia, {flfc, dittj}} - 2i[didka, djai] 
+2[djai, [ditt, ak]] - 2i[[aj, a^], [dia, a^]] 
+i{dia, {ofc, [oj, ai]}} + {a^, {a^, [(9^0, aj}} 

+ ({^^«, - H^^^ka, a,]) + C»(3). 

Noncommutative matter field 

Now we derive formulas for fields that transforms according to ()5.1H1 . We 
again expand the noncommuting field in terms of the deformation parameter 

To first order ()5.1H1 reduces again to the classical transformation law ()5.1j) . 
To first order we obtain 

and to second order 

5^^!l - ia^!l = z (a *2 ^ + « ^1 + A^ ^1 ^ + A^^; + A^^) 
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A solution for the noncommutative field is 



+ ^d^c''^(^Aidiakdjdii! - Aaiakdjdiijj - Saidjakdii/) 

+Aaidkajdiil) + Aiaiajakdiip - Aiakajaidii/j 
+4dajakaidiip — idjUkaidiip + 2diakdjai'il) 
—Aiaiaidkajip — Aiaidkajaiip + iiaidjakaiip 

—Saittjaiakip — Aaiakajaiip — 2aiaiakajip 



+ -^c^^did^ (^iajdkdiii + 2idkaidjii + 2dkaiajip 
—ttkaidjip — ^ttittkOjip — 2iajakaiip^ + C(3). 

Covariantizer 

As in the preceeding cases we again expand the covariantizer in terms of the 
deformation parameter 

D{f) = f + D\f) + D\f) + .--. 

Since the transformation law (|5.13p to zeroth order is trivial we can assume 
that D starts with the identity. To first order we get 

6^D\f) = t[a V /] + t[a, D\f)] = '-d^[dia, d,f] + D\f)] 
and to second order 

6.D\f) = z[a f]+z[a D\f)] + i[kl /] + i[a, D\f)] + i[kl D\f)] 

+ '-d^[d,a,d,D\f)] + '-^^[^.Al^,f]+^[a,D\f)]+^[AlD\f)]. 

A solution to this is 

D[a]if) = f + ic^'a,d,f 

_^ i^ii^H ^ _ 2|q.^ djak}dif + {ai, dkaj}dif 

+i{ai, [aj,ak]}dif - {ai,ak}djdif ^ 
+ \d'dic^'^{a„ak}d,f + 0{3). 



76 



5. Gauge theory 



Noncommutative gauge potential 

Again we expand the noncommutative gauge potential, starting with the 
usual one 

Since it is a noncommutative form in the sense of (|4.3p . we have to evaluate 
it on a Poisson vector field X. We again expand the equation (|5.15|1 and 
obtain to first order 

5^A\ = X'diAl + 5i« + i[a *i X"a„] + i[a, A],] + i[A^, X"a„] 

= X'diAl + '-d^[d,a, 9,(X"a„)] + A],] + z[Al X"a„]. 
For the second order we get 

6^Al = t[a X"a„] + t[a V A],] + t[Al V X"a„] 
+X%Al + 5la + 5\A\ + z[a, A\] + i[Al A],] + i[Al X^a^] 

+ ^c^'did^{[dmd^a,d,{X^ar,)] - [d,a,dmd,{X^an)]) 

+ '-d^[d,a, d,A],] + '-d^[d,Al djiX^a^)] 

-^c'^dkc'^did^X^d.d.a + ^c''c'"'dAX^dkd^dja 
12 24 

+XnAl + 6],Al + z[a, Aj,] + i[Al, A],] + z[Al, X"a„]. 
We found the following solution to the noncommutative gauge potential 

Ax = X^a,+ '-c''X^{ak,dian + fin}+'^c'''diX^{ak,an} 

+2i[dkdnai, diaj] - 4{afc, {a^, djfin}} 
-2[[dkai, an], diaj] + 4{9za„, {diGk, aj}} 
-4{afc, {fu, fjn}} + i{dnaj, {ai, [at, ak]}} 
+i{ai, {ak, [dnaj, ai]}} - Ai[[ai, ai], [ak, (9ja„]] 
+2i[[ai, ai], [ak, dnaj]] + {ai, {ak, [ai, [aj, a„]]}} 

-{ak, {[ai, ai], [aj, a„]}} - [[ai, ai], [ak, [aj, a„]]] ) 
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+^c''^d^djX''(2i[dkai, dian] + 2i[diak, <9/a„] 

+2i[diak, dittn - <9„a/] + 4{a„, {ai, dkai}} 
+4{afc, {ai, dntti - 9,a„}} - 2i{ak, {a^, [a„, ai]}} 

+i{ai, {ai, [an, ctfc]}} + i{an, [ai, cifc]}}) 
+^c^^d-^didjX'^{didkan - 2i[ai, dka^] - {a„, {a^., 0^}}^ 
+ lc'='9;C^^X"(2z[a„ dAan] + 2i[dkai, 

-{9ja„, {ak, ai}} + 2{aj, {a^, Uj}}^ 
+ ^c^'5iC*^9jX"(^ - 4i[ai, (9fea„] + 2i[ak, dian] - {an, {flfc, ai}}^ 
-Lc''i0id^d,dkX^d,an + O{3). 

5.3.5 Seiberg-Witten map for Formality ★-products 

We will now apply the formalism of Seiberg-Witten gauge theory to Kontse- 
vich's formality ^-product. Here we are able to calculate the abelian Seiberg- 
Witten map up to all orders. We have seen that derivations for this ^-product 
are easily obtained from Poisson vector fields. With them we have all the 
key ingredients to do noncommutative gauge theory on any Poisson mani- 
fold. To relate the noncommutative theory to commutative gauge theory, we 
need the Seiberg-Witten maps for the formality T*r-product. In jffi^ ^ind [H] 
the Seiberg-Witten maps for the noncommutative gauge parameter and the 
covariantizer were already constructed to all orders in 9 for abelian gauge 
theory. We will extend the method developed there to the Seiberg-Witten 
map for covariant derivations. 

Semi-classical construction 

We will first do the construction in the semi-classical limit, where the star 
commutator is replaced by the Poisson bracket. As in 110] and we define, 
with the help of the Poisson tensor 9 = \9^^dk A di 

de = -[,9] 



and (locally) 



ag = 9^^ajdi. 
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Note that the bracket used in the definition of dg is not the Schouten- 
Nijenhuis bracket (|A.lj) . For polyvectorfields tti and 112 it is 

[tTi, 712] = -[712, TTi]s, 

giving an extra minus sign for tti and 112 both even fsee IA.5.2|) . Especially, 
we get for dg acting on a function g 

dgg = -[g,9] = [g,e]s = 9'''digdk. 

Now a parameter t and t-dependent 9t = \0'l^dk A di and Xt = X^dk are 
introduced, fulfilling 

dtOt = fg = -etfe^ and dtX^ = -XJO^, 

where the multiplication is ordinary matrix multiplication. Given the Poisson 
tensor 9 and the Poisson vectorfield X, the formal solutions are 

00 ^ 

et = e Y,i-t for = 2 (^'' - to'^'u.e^' + . . .)dk a di 

n=0 

and 

00 

Xt = x Y,i-t for = x'dk - tx'u^e^^du + .... 

n=0 

6t is still a Poisson tensor and Xt is still a Poisson vectorfield, i.e. 

[euet]=Q and [Xt,ei] = 0. 

For the proof see I A. 31 
With this we calculate 

fe = dtOt = -9tf9t = -[ag, 9] = dgag. (5.18) 

We now get the following commutation relations 

[ag,+dt,dgXg)] = dg^{{ag^+dt)ig)), (5.19) 
[ag,+dt,Xt] = -dg^X^au), (5.20) 

where g is some function which might also depend on t (see IA.5.lll . 

To construct the Seiberg-Witten map for the gauge potential Ax, we first 
define 
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CXD ^ 

n=0 ^ ' 

With this, the semi-classical gauge parameter reads 1101 SI] 

To see that this has indeed the right transformation properties under gauge 
transformations, we first note that the transformation properties of a^^ and 
X^ttk are 

Sxae, = efdiXdk = de,X (5.21) 

and 

Sx{X!^ak)=X^dk\ = [Xt,X]. (5.22) 

Using (I5.2H1 . ()5.22ll and the commutation relations ()5.19ll . ()5.2nil . a rather 
tedious calculation (see lA.4jl shows that 

6xKt{X^ak) = X^dkKtiX) + dgXKt{X))Kt{X^ak). 

Therefore, the semi-classical gauge potential is 

Ax[a] = KtiX^ak) . 

Quantum construction 

We can now use the Kontsevich formality map to quantise the semi-classical 
construction. All the semi-classical expressions can be mapped to their coun- 
terparts in the ^-product formalism without loosing the properties necessary 
for the construction. One higher order term will appear, fixing the transfor- 
mation properties for the quantum objects. 
The star-product we will use is 

oo ^ 

* = y^^Uni9t, ...,9t). 

n=0 

We define 

which for functions / and g reads 
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dMf=[fl9]- 

The bracket used in the definition of c?^ is the Gerstenhaber bracket ()A.2jl . 
We now calculate the commutators (|5.19|] and (I5.2()jl in the new setting (see 
IA.5.211 . We get 

[^aej+dt,d.mg))] = 4(($(aeJ + 

The higher order term \i/(ae„Xt) has appeared, but looking at the gauge 
transformation properties of the quantum objects we see that it is actually 
necessary. We get 

with (giHI) and (ICTTl and 

6xmx!^ak)-^{ae,Xt)) = $([Xi, A]) - ^(rf^A, ^t) 

+^i[9t,Xt],\)-'^ide\,Xt) 

= mx,),^x)] 

= 5x.$(A), 

where the addition of the new term preserves the correct transformation 
property. With 

oo ^ 

n=0 ^ 

a calculation analogous to the semi-classical case gives 

6,{K:mx'^a,)-^{ae„X,))) = dx^K^mX)) 

+d4K:mX)))KtmX^ak) - ^{ae,,Xt)). 
As in 1101 IH], the noncommutative gauge parameter is 

A,[a] = KtmX)) , 
t=o 

and we therefore get for the noncommutative gauge potential 

Ax[a] = K^mX^a,) - ^{ae^X^)) , 

t=o 

transforming with 

6xAx = 6xAx-[Ax1 Ax]. 
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5.3.6 Construction of gauge invariant actions 

We have seen that in the noncommutative realm the integral may be replaced 
by a trace on a representation of the algebra describing the noncommutative 
space. In the ^-product formalism this has been the ordinary integral to- 
gether with a measure function (I4.12I1 . With the covariantizer D[a]{f) (15.1311 
for functions at hand it is now easy to construct actions invariant under 
noncommutative gauge transformations that reduce in the classical limit to 
gauge theory on a flat space. For example the measure function can be 
compensated by Z)[a](f2~^(x)). But from the point of view of noncommu- 
tative gauge theory this looks quite unnatural. To make contact with the 
commuting frame formalism we will have to go another way. 

First we want to translate classical gauge theory ()5.HI into the language 
of frames. Since forms are dual to vector flelds, they may be evaluated on a 
frame. In the special case of the connection one form this yields 

fla = a{ea) = aidx\ea) = aie\. 
The same we can do with the covariant derivate 

The field strength becomes 

/(Ca, Cfe) = fab = Caab - Chtta - a([ea, Cfo]) - i[aa, tth]. 

Since in scalar electrodynamics we do not need a spin connection, it is simple 
to write down its action on an curved manifold with the frame formalism 

S = j (Txe {-\r]''\"'facfM + r]'''Da'4>Db<p + m^^^). 

Here again 

e = (det e/)-^ = ^det {g^,^) 
is the measure function for the curved manifold. 

The considerations above can be generalized to a curved noncommutative 
space, i.e. a noncommutative space with a Poisson structure that is compat- 
ible with a frame e^. For a curved noncommutative space we are now able to 
mimic the previous classical constructions and evaluate the noncommutative 
covariant derivative 1)5.14^ and field strength ()5.16p on it 
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Fab = F{ea,eb). 

Using the measure function and our noncommutative versions of field strength 
and covariant derivative we end up with the following action 

S = tr j (rxVt{-^7]''\'"^Fac^FM + r]''^Da^i^Db^ -m^'^i.^). (5.23) 

tr is the trace of the Lie algebra representation. By construction this action 
is invariant under noncommutative gauge transformations 

5o,S = 0. 

To lowest order we obtain 

So = tr j d^xQi-^g^f'g'^'f^.fps + g'^^DjDpct) - m^^^), 

with gap the metric induced by the frame. If (7 = f2, the commuting frame 
formalism yields the desired classical limit. 

5.3.7 Example: M{sOa{n)) 

We have seen that the components of the frame (cq, = Xof^du) are 

These we can plug into our solution of the Seiberg-Witten map and the 
derivation corresponding to the Weyl-ordered ^ir-product and get 

AaN = A + ^x*{9oA,ai}-^x^{9iA,ao} + C(a^), 
$<^[a] = - |x'ao9i0 + |x'ai9o0 + ^x'[ao, aj]0 + C(a^), 
Axq = ao - ^a;*{ao, dtao + fio] + ^x*{ai, doao] + O(a^), 
= paj - ^pWj, «o} - ^px'{ao, dtaj + fij} 
+^px'{ai, dottj + foj} + 0(a2), 

5x, = x;d, + o{a'). 

The action ()5.23|] becomes up to first order 
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-^/->'VWr(/,p{/,„/,o}) 
-^p'-^7]''x'D;^fioDk(l) + ^p'-'^v'^x'^fMcj) 

We know that in the classical limit a — > the action reduces to scalar electro- 
dynamics on a curved background or its nonabelian generalization, respec- 
tively. 

5.4 Observables 

In the previous sections we have seen that gauge theory on noncommuta- 
tive spaces is a very interesting and fruitful subject. Nevertheless we need a 
method to extract physical predictions from the theory. Since a gauge trans- 
formation should not affect the predictions we make, we have to find gauge 
invariant objects. Such observables are not easy to find if we want them to 
have a sensible classical limit. 

A second reason for studying observables is the similarity between non- 
commutative gauge theory and gravity in view of the gauge structure. The 
equations of general relativity transform covariantly under coordinate trans- 
formations. Therefore the group of local diffemorphisms is part of the gauge 
group. Now take a gauge transformation in the T*r-product representation of a 
noncommutative f/(l)-gauge theory. Then we have seen that the coordiantes 
are not invariant under gauge transformations 

_^ ^a{x) ^^i^ ^-ia(x) QijQ.^ + . . . (5 24) 

In the whole section we will assume that the ^ir-product looks up to first order 
like 

f^9 = f9 + \0''djd,g + ---, (5.25) 

where 9^^ is antisymmetric and fulfills the Poisson equation. In the semi- 
classical limit the transformations ()5.24|1 become the Hamiltonian fiows of 
the Poisson manifold. In a sense the gauge group of noncommutative gauge 
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theories contains a large class of diffeomorphisms. Since it is not easy to find 
a full set of meaningful observables in general relativity (see e. g. and 
for a more general review |HI|), the study of nonncommutative gauge theory 
will perhaps give new insights into this subject. 

In the case of constant commutator so called open Wilson lines [H2] have 
been introduced as observables of noncommutative gauge theory. We will 
use covariant coordinates (j5.8|] to generalize this construction to general ^ir- 
products. In [HS] they were used to give an exact formula for the inverse 
Seiberg-Witten map. We will generalize this construction for ^ir-products 
with invertible Poisson structure 6'*-' . 



5.4.1 Classical Wilson lines 

Let us first recall some aspects of the commutative gauge theory. For this let 
be a gauge field. Then an infinitesimal parallel transporter (infinitesimal 
wilson line) may be defined via 

U{x,x + l) = l + iFaf,{x) 

where l'^ is an infinitesimal constant vector. The infinitesimal Wilson line 
transforms like 

TgU{x, x + l)= g{x)U{x, X + l)g-\x + I) + 0{P). 

Now let Tyz a Path connecting the points a and b. And let {xi}igo...Af be a 
partition of this Path. Then we define 

N 

UnI^vz] = ]^?7(xi_i,Xi) 

1=1 

N 



l[{l + ^{x^-xUa,{x,)) 



i=l 
N 



i=i \ j=i / 

f/jv transforms in the following way 

TMTxy] = g{x)UN[Txy]g-\y) + 0{lj). 
Further the Wilson line of the Path V^y is the continuum limit of the U]^ 

U\r^y] = lim UnITxv] 

N^oo 

= Pexp(i J dx'^a^ 
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where P denotes path ordering of the exponential. If one acts with a gauge 
transformation on the Wilson line 

T,U[T,y]=g{x)U[T,y]g-\y), 

one sees that it transforms only at its endpoints. 

5.4.2 Noncommutative Wilson lines 

In the case 6'*-' = const, the basic observation was that translations in space 
are gauge transformations [825. They are realized by 

Tix^ = + he'' = e^'-"' ★ / ★ e-'''"\ 

Now one can pose the question what happens if one uses covariant coordinates 
In this case the inner automorphism 

should consist of a translation and a gauge transformation dependent of the 
translation. If we subtract the translation again only the gauge transforma- 
tion remains and the resulting object 

Wi = e*''^' * e"^''^' 

has a very interesting transformation behavior under a gauge transformation 

W;{x) = g{x) * Wi{x) * g-\x + kO'^). 

It transforms like a Wilson line starting at x and ending at x + W. 
As in the constant case we can start with 

Wi = ef ^ e;*'»^\ 

where now is the ^-exponential. Every multiplication in its Taylor series 
is replaced by the ^-product. In contrast to the constant case, e^_^^' = e'*^' 
isn't true any more. The transformation property of Wi is now 

W;{x)=g{x)^Wi{x)^g-\Tix), 

where 

Tix^ = e^i^^ ^ (T^^^ 
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is an inner automorphism of the algebra, which can be interpreted as a 
quantized coordinate transformation. If we replace commutators by Pois- 
son brackets, the classical limit of this coordinate transformation may be 
calculated 

the formula becoming exact for 6^^ constant or linear in x. We see that the 
classical coordinate transformation is the flow induced by the Hamiltonian 
vector fleld —kO^Wj. At the end we may expand Wi in terms of 9 and get 

Wi = e'^^^^'''^ +o{e^), 

where we have replaced by its Seiberg-Witten expansion. We see that for 
/ small this really is a Wilson line starting at x and ending at a; + W. 



5.4.3 Observables 

Now we are able to write down a large class of observables for the above 
deflned noncommutative gauge theory, namely 

or more general 

fi = j d"xr](x)/(XVef'^'(^) 

with / an arbitrary function of the covariant coordinates. Obviously they 
are invariant under gauge transformations. 



5.4.4 Inverse Seiberg-Witten-map 

As an application of the above constructed observables we generalize ^] 
to arbitrary T*r-products, i. e. we give a formula for the inverse Seiberg- 
Witten map for ^ir-products with invertible Poisson structure. In order to 
map noncommutative gauge theory to its commutative counterpart we need 
a functional fulfllling 

f,,[g^X^g-'] = f,,[X], 
df = 

and 

fi, = d,a^-d,ai + 0{e^). 
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/ is a classical field strength and reduces in the limit ^ — > to the correct 
expression. 

To proove the first and the second property we will only use the algebra 
properties of the ^-product and the cyclicity of the trace. All quantities 
with a hat will be elements of an algebra. With this let X* be covariant 
coordinates in an algebra, transforming under gauge transformations like 

X^' = gX'g-' 

with g an invertible element of the algebra. Now define 

F'^ = -i[X\X^] 

and 

/ pn-l\ ^ P«l«2 p«2n-3*2n-2 

Since an antisymmetric matrix in odd dimensions is never invertible we have 
assumed that the space is 2n dimensional. The expression 

:F,,{k) = strp^^ [{F--%e^'^''') (5.26) 

clearly fulfills the first property due to the properties of the trace, str is the 
symmetrized trace, every monomial in F^-'and X'^ should be symmetrized. 
For an exact definition see |HH1- Note that symmetrization is only necessary 
for spaces with dimension higher than 4 due to the cyclicity of the trace. In 
dimensions 2 and 4 we may replace str by the ordinary trace tr. Tijik) is 
the Fourier transform of a closed form if 

k[iTjk] = 

or if the current 

is conserved, respectively 

kif- = 0. 

This is easy to show, if one uses 

strp^j^ {[kX, Xy^^^' ■ ■ ■) = strp^^ ([X', e^^^^'] ■ ■ ■) = strp^^ [e^^^^' [X\ ■ ■ 



which can be calculated by simple algebra. 
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To show the last property we have to switch to the T*r-product formalism 
and expand the formula in The expression (|5.26|) now becomes 



sym F,X 



The expression in brackets has to be symmetrized in F^^ and X* for n > 2. 
Up to third order in 6'*-^ , the commutator F^^ of two covariant coordinates is 

F'^ = -i[X'' t X^] = 6'^ - e'^fkfi^^ - e^^diO'^ak + 0(3) 

with fij = dittj — djai the ordinary field strength. Furthermore we have 

ef'^" = e^'^"^'(l + ikiO'^aj) + 0{2). 

If we choose the antisymmetric ^-product (I5.25jl . the symmetrization will 
annihilate all the first order terms of the ^ic-products between the F^^ and X\ 
and therefore we get 

-J'lxuk) = 

/J2n 

= d'-x l^er^' + 2n{n - 1) ''^]'^^^ - ^^^.^Vm^'^') e*^'' + 0{1), 

using partial integration and di{e9^9^^) = 0. To simplify notation we intro- 
duced 

nn-l _ niiji _ _ ni„^ijn-i 

etc. In the last line we have used 

We will now have a closer look at the second term, noting that 

e^" 2n ''^ 2n 



and therefore 



(5.27) 
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with a + b = —2^. Taking e. g. i = 1, j = 2 we see that 

ei2...fe/^"~'^'7r.^'' = ei2...fc/^"-'(^''^'' - 0'^9'')f,2 + terms without fu- 

Especially there are no terms involving fud^'^ and we get for the two terms 
on the right hand side of (j5.27ll 

and therefore b = —-. This has the solution 

n 

a = ; and b = — ; -. 

2{n-l) 2n{n-l) 

With the resulting 
we finally get 

-J'lXUk) = I {Oil + /,,) e*^' + Oil). 

Therefore 

f{xi, = T{xuk) - :F{xUk) 

is a closed form that reduces in the classical limit to the classical Abelian 
field strength. We have found an expression for the inverse Abelian Seiberg- 
Witten map. 
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Appendix A 

Definitions and calculations 

A.l The Schouten-Nijenhuis bracket 

The Schouten-Nijenhuis bracket for multivector fields TTs^ ' ^^'Sj^ A ... A di^^ 
can be written as ([ZSl, IV. 2.1): 

[vri, ttJs = (-1)'^- Vi . TTa - {-if^^^^-^)-!,^ . vn, 

fci 

VTi • = 5^(-l)'- V;"-''^^9,7rf ■■■'■^^9,, A ... A a; A ... A 9,,^ A 9,, A ... A 9,,^ , 
1=1 

where the hat marks an omitted derivative. 

For a function vectorfields X = X^dk and Y = Y^dk and a bivectorfield 

Tc = ^Tc'^^dk A di we get: 

[X,g]s = X'^dkg, 

[7T,g]s = -Ti^^dkgdu 

[X,7r]5 = ]^{X^dk'n'^ --n'^'duX^ + 'n^^^kX')^,^^^, 

[7r,7r]5 = ^-{-K^'diTt^^ +^x''^n^^'' + ^x^'^nt^'')^k^^,^^,. 

A. 2 The Gerstenhaber bracket 

The Gerstenhaber bracket for polydifferential operators Ag can be written as 
m. IV.3): 
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(A 0^2)(/l, ■ ■ ■ /mi+m2-l) = 

mi 

^(_l)('n-2 l)(i ^)Ai{fi, . . . fj_i, A2{fj, . . . , /j+^2_i), fj+m2J ■ ■ ■ ) /mi+m2-l)) 

i=i 

where j/l^l is the degree of the polydiff'erential operator Ag, i.e. the number 
of functions it is acting on. 

For functions g and /, differential operators i^iand D2 of degree one and 
P of degree two we get 

[D,g]G = D{g), 

[P,gUf) = P{g,f)-P{f,g), 

[DUD2U9) = Dr{D2{g))-D2{DM). 

[P,D]G{f,g) = P{D{f),g) + P{f,D{g))-D{P{f,g)). (A.l) 

A.3 Calculation of [Ot^et] and [Ot^Xt] 

We want to show that 9t is still a Poisson tensor and that still com- 
mutes with 9t. For this we first define e{n)f = {0f)" = 0''' fij . . . 9"^' f^i = 
fiiO'^ ■ ■ ■ frsO'^ = {fOY and Oinf^ = 9{f9Y = 9^'fij . . . frJ'^. In the calcula- 
tions to follow we will sometimes drop the derivatives of the polyvectorfields 
and associate tt^^ -''" with n^^-^^ ^dk^ A ... A dk^ioi simplicity. All the cal- 
culations are done locally. 
We evaluate 

00 in 

= Y{-ty+'^9{nt9{o)\9{m - o%9'^di9'P + c.p. in {kij) 

n,m=0 0=0 
00 m 

+ Y.^-tT^"'^'9{nf9{or9{m - oyWiU + c.p. in (kij) 

n,m=0 0=0 
00 

= Y {-tT^'^^°0{nt9{ot9{m%9'^di9'^ + c.p. in {kij) 

n,m,o=0 

00 

- J2 {-tT^'^^°^^0{nf^9{oy'9{myPdifsp + c.p. in [ki]). 

n,m,o=0 
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The first part vanishes because 9t is a Poisson tensor, i.e. 

[e, e]s = e'^^diO'^ + c.p. in {kij) = o, (a.2) 

the second part because of 

dkfij + c.p. in (kij) = 0. (A.3) 
To prove that Xt still commutes with 9t, we first note that 

oo 

x, = x^(-t/e) = x(i-t/^^0- 

n=0 

With this we can write 

[Xt,et] = [x,et]-t[xfet,et] (a.4) 
= x"9„^f - ef^'dnX^ + el^'dnX^ 

i\^m_f ainpi nkl , 4.nknfi ( vm r nil\ +Qln':\ ( vm r nik\ 
—tA. Jmi^t '^n^t +'^"t On{^ Jmi^t ) ~ '^^t (Jn\^ Jmit>t ) 

= x'^dnOf - + el^'dnX^ 

I j-a/cno vm f nil j.nlnf> vm r nik 
+Wf Ony^ Jmi^t ~ '^^t (^n^ Jmit't 

i4.nkn\rmf\ f nil +aln-i^mf\ i- nik 
A Onjmi^t ~ '^"t ^ Onjmi^t ■ 



In the last step we used (jA.2p . To go on we note that 

j./ifcn x^m o r nil ±nlnYmf] r nik j.\^nnkm;^ r nil 



t 1 



where we used ()A.3jl . Making use of the power series expansion and the fact 
that X commutes with ^, i.e. 

[X, d] = x^'dnO^^ - d^'^dnX^ + e^'^dnX^ = 0, 

we further get 

oo 

x^djf + tx^el^'dnfrmef = ^.^-1)'^' e{r)\ X'^ dnO'^ O^s)] 

r,s=0 
oo 

= Yl {-tY^'0{r)\e'''dnX'e{s)] 



r,s=0 
oo 



Y^{-ty+-e{r)\e^^dnX'e{s)]. 



r,s=0 
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Therefore (IA.4I1 reads 



oo 



r,s=0 r,s=0 
= 0. 

A. 4 The transformation properties of Kf 

To calculate the transformation properties of Kt{X^ak), we first evaluate 

n-l 
1=0 

n—l i y .\ 

i=0 z=o ^ ^ 

and 



= {ae + dtTX'^dkX 



n-l 



X'^dkiae + dtT 

71—1 n—l—i ^ 1 A 

j=o j=o V J / 

(ag + 9i)*+^rf,((a, + dtr-'-'-^{X''ak)){X) 

X'dk{ae + dtr 

-EE C^riM) 

i=0 j=0 \ J / 



n—l—i—j 



X^dkiae + dtT 



A. Definitions and calculations 
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n— 1 n—l—i i+j 



i=0 j=0 1=0 ^ ^ ^ ^ 



We go on by simplifying these expressions. Using 



+ (] ] ] for z > /, (A.5) 



we get 

n- 

m=l 1=0 ^ / \ / \ / \ 



n—1 m / _ -x / \ n—1 / \ / 



n—l—m 



Using ()A.5j) again two times and then using induction we go on to 

E(:)(T)'-'"--E (::;:: 

m=l \ / \ / 1=0 ^ 

giving, after using (jA.5jl again 

I 

E 

i=0 

Together with 

E 



j n — 


1 






\n — 


1 







/ + 1 



these formulas add up to give 



EE(",;-r)(T)'-)'-'+E(^CV'i' 

m,=l i=0 ^ / \ / \ / \ ' 

and therefore 



A.5 Calculation of the commutators 
A.5.1 Semi-classical construction 

We calculate the commutator (|5.19p (see also dropping the t-subscripts 
on Qt for simplicity and using local expressions. 
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A. Definitions and calculations 



[a0,de{g)] 



kl; 



-e'^'dke^^a.d.gdi - e'^^e'^a.dAgdi - e^'e'^d^aAgdi 



+e''fjke''d,gdi - 

-defeg + deiaeig)) 
-dt{de)g + de{ae{g)). 



ajdig)di 



For (ICTll we get 



[ae, Xt] = e^^a.d^X^du - X^duO'^a.d, - X'^O'^dka^d, 

= -e'^X'^dkajdi - e'^dkX^ajdi 

= X'fk.9'^d,+9'^d,{X'ak)d, 

= -dtX -deiX'ak). 



A. 5. 2 Quantum construction 

In [HS], ()4 .314 .414 .611 have already been calculated, unluckily (and implicitly) 
using a diff'erent sign convention for the brackets of polyvectorfields. In |1T] . 
again a different sign convention is used, coinciding with the one in [HHl in 
the relevant cases. In order to keep our formulas consistent with the ones 
used in |HS1I1I], we define our bracket on polyvectorfields tti and 7i2 as in ^] 
to be 

[7ri,7r2] = -[vTa, TTijs, 

giving an extra minus sign for tti and 7T2 both even. The bracket on polydif- 
ferential operators is always the Gerstenhaber bracket. 
With these conventions and 

d* = -h^], 

we rewrite the formulas (I4.6|4.5|4.3f4.4ll so we can use them in the fol- 
lowing 



mX),<l>{g)]G 

dMg) 



nx,g]) + ^{[0,g],x) - ^{[e,x],g), (A.6) 

(A.7) 

+$([X, Y]) + ^{[6, r], X) - ^{[6, X],Y), 
Hde{g)), (A.8) 
HdeiX)). (A.9) 
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For the calculation of the commutators of the quantum objects we first define 
and 

With (jA.9jl we get the quantum version of ()5.18ll 
For functions / and g we get 

^-^ n\ 

n=0 

oo ^ 

With these two formulas we can now calculate the quantum version of (15 .19^ 
as in lljjj. On two functions / and g we have 

W^g) = hU.g) 

= d^a^{f,g) 

= -a^{f'kg) + a^{f)-kg + f'ka^{g), 
where we used I^A.l^ in the last step. Therefore 

= a^{[f^g])-[aM')l9] 
= -dt[f1g]~[a,{g)1f] 
= -dM9){f) + d.Mgm). 

For a function g which might also depend on t the quantum version of ()5.19j) 
now reads 

[a^ + dt, = d^{a^{g)). 

We go on to calculate the quantum version of ()5.2flj) . We first note that 

oo ^ 

dMXt) = V —dtUn{Xu dt,..., 0t) = HdtXt) + ^{fe, Xt). 

^-^ m — 1 ! 
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A. Definitions and calculations 



With this we get 

= 4^(a,, Xt) + afc)) + ^-dtXt) - ^{fg, Xt) 

= -4($(Xfafc)-^(ae,Xi))-9i$(X0, 



where we have used (IA.7|1 . 
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